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Abstract

This thesis conceptualizes the design of a planar electrode for employment in
microfluidic devices to achieve dielectrophoretic focusing and separation of microscale entities. The planar electrode has corrugations with two such electrodes placed
parallelly to form a pair and the electric field is generated between them; the presence
of corrugations enhances the non-uniformity of the electric field. For purposes of 3D
focusing, two pairs of electrodes are used with each pair on both sides of the
microchannel. When the applied electric voltages are equal, the micro-scale entity is
focused at the center of the microchannel and when the applied electric voltages are
unequal, the micro-scale entity is focused at locations other than the center of the
microchannel. For purposes of achieving size-based separation, four electrode pairs
are used with each pair placed on one side the microchannel; the first two pairs of
electrodes 3D focus the micro-scale entities next to one of the side walls while the
other two pairs of electrodes subject the big micro-scale entity to negative
dielectrophoresis while the small micro-scale entity experiences negligible
dielectrophoresis and this pushes the big micro-scale entity inside the microchannel
hence achieving separation of particles. The conceptualized microfluidic device is
mathematically modelled with the model consisting of multiple governing equations;
equations of motion, continuity equation, Navier-Stoke equations, electric voltage and
electric field equations make up the mathematical model. The model experiences
phenomena’s such as inertia, drag, dielectrophoresis, gravity, buoyancy, and virtual
mass. All equations of the model are solved numerically using Finite Difference
Method. The model is validated using experimental results from literature. The model
is subsequently used for evaluating the effect of operating and geometric parameters
on the performance metrics of the focusing and separation device; the performance
metrics of the focusing device are vertical and horizontal focusing parameter while
that of the separation device include separation efficiency and separation purity.
Parametric study is done using suspension of polystyrene microparticles in water. The
several parameters studied include microchannel width/depth, electrode dimensions,
volumetric flow rate, number of electrode pairs, and applied electric voltage. It is
observed that the metrics of performance of both the devices degrade with increase in
microchannel width/depth. Based on the model, a spike in the applied electric voltage
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and volumetric flow rate tends to an improvement and degradation of the performance
metrics of both the devices respectively. Increase in the electrode dimensions lead to
enhancement in the focusing of the micro-scale entities. The observed variation of
performance metrics with regards to operating and geometric parameters can be
attributed to the influence of these parameters on residence time and electric field
magnitude and non-uniformity in the microchannel. This is the first work to
conceptualize the above-detailed electrode as well as to mathematically model the
focusing and separation devices employing the same. A flowchart is developed for
designers to use for realizing the microfluidic device, employing the conceptualized
electrode for purposes of focusing and separation, with the adequate performance
metrics.
Keywords: Dielectrophoresis, focusing, planar electrodes, microfluidics, modeling,
separation.
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)Title and Abstract (in Arabic

تصميم قطب كهربائي مست ٍو مموج لتحريك الجزيئات الدقيقة في أجهزة الموائع الدقيقة
باستخدام الرحالن الكهربائي
الملخص

تتناول األطروحة تصميم قطب كهربائي مست ٍو لتركيز وفصل الجزئيات الدقيقة في أجهزة الموائع
الدقيقة  .األقطاب الكهربائية لديها تموجات ،وكل زوج من هذي األقطاب متوازي وبتالي يتولد
مجال كهربائي بينهما .وجود التموجات في األقطاب يعزز المجال الكهربائي الغير منتظم .يتم
استخدام زوجين من األقطاب الكهربائية على كال جوانب القناة الدقيقة في الجهاز لتحقيق تركيز
ثالثي األبعاد .تتركز الجزئيات الدقيقة في وسط القناة عندما يكون الجهد الكهربائي متساوي بين
زوجين األقطاب الكهربائية ،بينما تتركز الجزيئات بعيدا ً عن وسط القناة عندما يكون الجهد
الكهربائي غير متساوي .تستخدم أربعة أزواج من األقطاب الكهربائية لفصل الجزيئات الدقيقة
عن بعضها حسب حجمها .زوجين من األقطاب الكهربائية يركز الجزيئات الدقيقة بثالثة أبعاد إلى
أحد جوانب القناة .الزوجين الخرين يعرضان الجزيئات األكبر حجما ً لمجال كهربائي سالب،
بينها الجزيئات األصغر حجما ً تكاد ال تتأثر بالمجال الكهربائي .ويتسبب ذلك في إزاحة الجزيئات
األكبر حجما ً لمنتصف القناة وبذلك يتم انفصال الجزيئات عن بعضها حسب حجمها .تم تصميم
جهاز الموائع الدقيقة بنموذج رياضي بمعادالت رياضية عدة ،مثل :معادالت الحركة ،معادلة
االستمرارية ،معادالت نافيير-ستوكس ،معادالت الجهد الكهربائي والمجال الكهربائي .أخذ
النموذج بعين االعتبار الظواهر التي قد تتعرض لها الجزيئات مثل :القصور الذاتي ،السحب،
الرحالن الكهربائي ،الجاذبية ،الطفو ،و الكتلة االفتراضية .جميع المعادالت تم حلها بواسطة
التحليل العددي باستخدام طريقة الفروق المحدودة .تم التحقق من صحة النموذج الرياضي
باالستعادة بنتائج تجارب سابقة .استخدم النموذج لدراسة تأثير العوامل التشغيلية والهندسية على
أ داء الجهاز في مرحلة تركيز الجزيئات ومرحلة فصلها .قيم أداء الجهاز في مرحلة تركيز
الجزيئات من خالل عوامل التركيز األفقية والرأسية ،بينما قيم في مرحلة فصل الجزيئات من
خالل حساب كفاءة ونقاء الفصل .درست العوامل باستخدام جزيئات بولسترين مغمورة في الماء.
العوامل التشغيلية والهندسية التي تم دراستها :عرض وعمق قناة الجهاز ،أبعاد القطب ،معدل
التدفق الحجمي ،عدد األقطاب الكهربائية ،قوة الجهد الكهربائي .لوحظ أن فعالية الجهاز تقل عند
زيادة عرض وعمق القناة .كما أن زيادة الجهد الكهربائي تحسن من أداء الجهاز ،ومعدل التدفق
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الحجمي يقلل من فعالية الجهاز .زيادة أبعاد األقطاب الكهربائية تؤدي إلى تعزيز تركيز الجزيئات.
يعتبر هذا العمل األول من حيث تصميم نموذج رياضي لتركيز وفصل الجزيئات بالتصميم
المفصل أعاله .صمم مخطط للمستخدمين لفهم جهاز الموائع الدقيقة وتصميم القطب الكهربائي
ألغراض التركيز والفصل باستخدام العوامل المرغوب بها.
مفاهيم البحث الرئيسية :الرحالن الكهربائي ،التركيز ،أقطاب كهربائية مستوية ،الموائع الدقيقة،
تصميم ،فصل.
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Chapter 1: Introduction
1.1 Overview
Microfluidic devices employ flow passages smaller than 1 mm [1]. There are
several advantages in employing microchannels such as lower requirement of samples
and reagents, higher sensitivity, enhanced heat transfer coefficient, lower power
consumption, reduced footprint, and increased portability [1-3]. Microfluidic devices
are being increasing proposed for biomedical applications where in they are used for
cell manipulation aimed at capture and detection as well as treatment and analysis [47]. Significant development has taken place in employing microfluidic devices for
screening of diseases including cancer and cardiovascular diseases (CVDs) [4-7]. One
of the approaches is based on using circulating rare blood cells (CRCs) as the
biomarker of illnesses. CRCs are cells that circulate through the blood stream after
being released from the illness affected organ. CRCs associated with cancer is
specifically termed as circulating tumor cells (CTCs) while CRCs of CVDs include
circulating endothelial cells (CECs). There are several merits in employing CRCs as
the biomarker and they are all associated with the fact that screening can be carried
out using blood draw and do not require conventional techniques such as highresolution imaging or biopsies. This approach is less stressful to patients and allows
for increased frequency of screening. The increased frequency of screening is
associated with minimal increase in cost as these microfluidic devices can be massproduced.
1.2 Statement of the Problem
Forces associated with inertial microfluidics, hydrophoresis, dielectrophoresis,
acoustophoresis, and magnetophoresis are used in biomedical devices based on
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microfluidic technology for detection and separation of CRCs from a heterogeneous
mixture of cells. [5, 6, 8-14]. In inertial microfluidics, the higher inertia of CRCs,
owing to their big size, has been successfully utilized for fractionating CRCs from
biological samples in microscale biomedical devices; the motion of fluid through the
non-straight microchannels, employed in these biomedical devices, creates the forces
needed for fractionating CRCs [5, 6, 8-14]. An electrical phenomenon,
Dielectrophoresis (DEP), takes advantage of the electrical properties of cells for
separating CRCs from a mixture of the same and regular blood cells. By adjusting the
frequency of the electrical signal, it is possible to use DEP to just attract CRCs while
repelling other cells and this has been used for separation of CRCs from a
heterogeneous mixture of CRCs and regular blood cells [5, 6, 8-14]. For this, the
operating frequency must be greater than the cross-over frequency (combination of
permittivity, conductivity, and diameter) of CRCs but below the cross-over frequency
of regular blood cells. Surface acoustic waves (SAWs) can be thought of as sound
waves traveling on the surface of a material. The magnitude of the associated force
depends on a cell’s diameter and has been used for sorting cells. CRCs in an acoustic
field can be displaced farther than other cells due to their bigger size and in turn be
separated. Standing surface acoustic waves (SSAWs), realized by superimposing two
similar but opposing SAW, have also been used to separate CRCs in a similar way.
Magnetic forces have also been used for sorting CRCs from a heterogeneous mixture
of cells after they are tagged, via antigen-antibody affinity technique, with magnetic
micro/nano-particles [5, 6, 8-14]. The primary challenges involved with the detection
and separation of CRCs from a heterogeneous mixture of cells, using biomedical
devices based on microfluidic technology, are: 1. random spatial distribution of cells
in microchannel, 2. lack of universal expression and uniqueness of surface antigens,
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and 3. low throughput. These challenges affect the performance metrics (separation
efficiency and separation purity) of devices adopted for detection and separation of
rare-blood cells. The population of CRCs in circulation is very low, especially during
early stages of the associated disease, because of which separation efficiency and
separation purity must be extremely high, i.e. nearly 100%, for devices to be accepted
in clinical settings [10]. The random spatial distribution prevents cells from being
individually investigated for disease characteristics as well as hinders cells’ free
movement towards capture sites/wells; this challenge affects separation efficiency.
The use of surface antigens presents an issue because there is no single surface antigen
that is universally expressed by a specific type of CRCs [10, 11]. This negatively
affects separation efficiency; for instance, separation efficiency has varied between
10% and 85% when employing antigen-antibody affinity approach for screening of
cancer via identification of CTCs [5, 6, 8-14]. It has also been observed that the surface
antigens expressed by CRCs are not entire unique to them as certain regular bloodcells express them as well; this affects separation purity. Thus, any diagnostic device
developed for screening of diseases via identification of CRCs need to overcome these
issues to realizing high efficiency and purity.
Challenges associated with the random spatial distribution of cells can be
overcome by 3D focusing the cells prior to the separation. The challenges associated
with surface antigen can be eliminated in biomedical devices by employing label-free
techniques for separating CRCs from a heterogeneous mixture of CRCs and cells.
Additionally, the application of actuation forces over a long distance allows for
biomedical device to handle high throughput. Employment of label-free actuation
techniques over a great distance will enhance separation efficiency and purity while
maintaining high throughput.

4
1.3 Proposed Approach and Device
Microfluidic devices are employed for various applications such as: focusing
and separation/sorting [5, 6, 8-14]. Focusing is the arranging of randomly

distributed

micro-scale entities [15-17]. When the arrangement results in micro-scale entities
being confined to a plane (vertical or horizontal), then it is referred to as 2D focusing.
On the other hand, 3D focusing is realized when micro-scale entities are arranged
along a single file. The different types of focusing are schematically shown in Figure
1.1. Focusing is often a prerequisite for separation [5, 6, 8-14]. Another application for
which microfluidic devices are used for is separation; separation refers to the
harvesting of the target micro-scale entity from a heterogeneous mixture of microscale entities; the target micro-scale entity could be circulating rare blood cells,
microparticles, microorganism, etc. [5, 6, 8-14]. Separation using microfluidic devices
has found great interest in diagnosis of cancer [5, 6, 8-14]. Separation is schematically
represented in Figure 1.2. In Figure 1.2.a and Figure 1.2.b, a stream of focused microscale entities is split into two along the vertical and horizontal directions, respectively.
For both focusing and separation requires subjecting the micro-scale entity to
an actuation force. Several actuation phenomena are available such as acoustophoresis,
dielectrophoresis, magnetophoresis, hydrophoresis etc. [15-17]. Dielectrophoresis
(DEP) refers to the movement of micro-scale entities in the presence of a non-uniform
electrical field while being suspended in an electrically conductive medium [18-20].
The movement of micro-scale entities could be in the direction of the highest or lowest
gradient of the non-uniform electrical field; movement of micro-scale entity is towards
the highest or lowest gradient of the non-uniform electrical field is referred to a
positive DEP (pDEP) and negative DEP (nDEP), respectively. The preference of
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(a)

(b)

(c)
Figure 1.1: Focusing in microfluidic devices (a) 2D-horizontal, (b) 2D-vertical,
and (c) 3D.
micro-scale entity towards highest or lowest gradient non-uniform electrical field is
(c)
depends on several factors such as permittivity of the medium and micro-scale entity,
conductivity of the medium and micro-scale entity, and the frequency of operation.
Equation (1.1) presents the force associated with DEP [18-20]. Equation (1.2) presents
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(a)

(b)
Figure 1.2: Separation in microfluidic devices along (a) horizontal direction and
(b) vertical direction.
the relationship between Clausius-Mossotti factor, Re[fCM], and permitivities and
(b)
conductivities of the micro-scale entity and medium as well as the operating frequency
[18-20]. The electrical conductivity of the micro-scale entity is related to the bulk
electrical conductivity and the surface electrical conductivity of the same as shown in
Equation (1.3).
2
𝐹𝐷𝐸𝑃 = 2𝜋𝜀𝑚 𝜀𝑜 𝑅𝑒[𝑓𝐶𝑀 ]𝑟𝑒3 ∇𝐸𝑅𝑀𝑆

𝑅𝑒[𝑓𝐶𝑀 ] =

(1.1)

(𝜎 +2𝜎𝑚)(𝜎𝑒 −𝜎𝑚)
(𝜀𝑒 +2𝜀𝑚)(𝜀𝑒 −𝜀𝑚)+ 𝑒
2
𝜔

(𝜎 +2𝜎 )2
(𝜀𝑒 +2𝜀𝑚)2 + 𝑒 2 𝑚

(1.2)

𝜔

𝜎𝑒 = 𝜎𝑏𝑢𝑙𝑘,𝑒 + 2

𝐾𝑠,𝑒
𝑟𝑒

(1.3)

Where re (m) is the radius of the micro-scale entity, Re[fCM] (-) is the Clausius-
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Mossotti factor, εm (-) is the dielectric constant of the medium, εo (= 8.854 x 10-12 F.m) is the permittivity of free space, εe (-) is the dielectric constant of the micro-scale

1

entity, σm (S/m) is the dielectric constant of the medium, σe (S/m) is the dielectric
constant of the micro-scale entity, and ERMS (V/m) is the RMS electric field inside the
microchannel. When Re[fCM] is positive and negative then the micro-scale entity
exhibits pDEP and nDEP behavior, respectively [18-20]. It can be noticed that

at

low and high operating frequencies Re[fCM] depends only on the conductivities and
permittivity, respectively. Figure 1.3 represents the variation of Re[fCM] associated
with silica and polystyrene microparticles for different medium electrical
conductivities. The figure shows that Re[fCM] for both types of particles are positive at
low frequencies for low electrical conductivities. On the other hand, Re[fCM] is
negative at high frequencies for all medium conductivities.
DEP depends on non-uniform electric field and this depends on the electrode
configuration. Various electrode configurations have been suggested for realizing DEP
[21, 22]. Researchers have considered several electrode configurations for purposes of
DEP based focusing and separation as can be noticed in literature [21, 22]. In this
work, a new electrode design will be considered and analyzed for realizing DEP in
microfluidic device for purposes focusing and separation; Figure 1.4 provides the
schematic of the electrode design.
For purposes of focusing micro-scale entities should be subjected to force from
all four directions. This can be achieved if two pairs of the electrode configuration
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(a)

(b)
Figure 1.3: Variation of Re[fCM] with operating frequency and electrical
conductivity of medium for (a) polystyrene and (b) silica
microparticles [23].
shown in Figure 1.4 is used. Each electrode pair is located next to one of the sidewalls.
(b)
In this case it is possible to apply equal as well as unequal nDEP forces from all four
directions. When equal nDEP forces are applied on the micro-scale entity, then the
micro-scale entity will be focused at the microchannel’s center. When unequal nDEP
forces are applied on the micro-scale entity, then the micro-scale entity will be focused
at locations other than the microchannel’s center. Equal nDEP forces are achieved by
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Figure 1.4: Pictorial representation of the proposed corrugated planar electrode
configuration.
keeping the applied electric voltages equal to the electrode pairs. Unequal nDEP forces
are achieved by keeping the applied electric voltages different. In both cases the
operating frequency is kept such that Re[fCM] is negative. The operating frequency
value is chosen based on the type of micro-scale entity; for micro-scale entities such
as polystyrene and silica microparticles, the operating frequency required is very high
(> 10 MHz) while for micro-scale entities such as cells the operating frequency
required is very low (< 10 kHz) [24]. Figure 1.5 and Figure 1.6 provide a schematic of
the proposed microfluidic device as well as its operation.
For purposes of separation, two electrode pairs with each pair located near one
of the sidewalls is used; moreover, separation is achieved using pre-focused stream of
micro-scale entities. This electrode configuration can be used for type- and size-based
separation. For both type-based separation, the selection of operating frequency is
made such that one type experiences nDEP while the other type experiences either
weak pDEP or no force. This pushes the micro-scale entity experiencing nDEP into
the interior of the microchannel and the other type moves either unaffected or slightly
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(a)

(b)

(c)
Figure 1.5: Microfluidic device for focusing (a) perspective view and (b) top
view of working for equal applied electric voltages and (c) top view
of working for unequal applied electric voltages.
towards the electrodes while the focused stream passes through the region of the
electrodes. The different forces experienced by the micro-scale entity depends on type
and allows for achieving type-based separation. It is noticeable from Figure 1.3 that
there exists a range of operating frequencies for which the polystyrene and silica
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(a)

(b)

(c)
Figure 1.6: Microfluidic device for separation (a) perspective view and (b) top
view of working for type-based, and (c) top view of working for sizebased.

microparticles, of the same size, experience opposing DEP effect. A similar approach
can be adopted for size-based separation wherein the operating frequency is chosen
such that micro-scale entities of a particular size experience nDEP while the microscale entities with the other size experience either weak pDEP or no DEP. In both
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instances, one of the micro-scale entities is subjected to weak pDEP or no DEP is
employed to avoid its capture on the electrodes. It is also noticeable from Figure 1.3
that there exists a range of operating frequencies for which the 2 μm and 4 μm
microparticles (polystyrene and silica) experience opposing DEP effect. Figure 1.6
provides the schematic and working of the microfluidic device with the proposed
electrode configuration for purposes of type- and size-based separation.
The electrode configuration conceptualized here is unique in that it can achieve
focusing and separation; this is in contrast to many of the electrode configurations
presented in literature [21, 22]. An issue that constantly plaques all planar electrodes
is the quick decay of generated DEP in the vertical direction; this limits the height of
the microchannel and subsequently the throughput. On the other hand, the DEP
generated by the proposed electrode configuration does not decay like existing
electrodes and this is an additional advantage of the same. Moreover, the proposed
electrode configuration is easier to realize compared with existing vertical electrodes
which do not experience decay in DEP along the height.
1.4 Structure of the Thesis
Chapter 1: This being the first chapter in the report details the problem statement and
its relevance as well as introduces the concept of dielectrophoresis, focusing, and
separation.
Chapter 2: This chapter gives an overview of the existing articles dedicated to DEP
based focusing and separation.
Chapter 3: This chapter details the mathematical modeling of the focusing and
separation devices.
Chapter 4: This chapter is dedicated to results and discussion of the findings of the
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mathematical model of the focusing and separation device.
Chapter 5: This chapter concludes the report by listing the important findings of this
work.
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Chapter 2: Literature Review
In the past decades, researchers have developed microfluidic devices
employing several different actuation phenomena for realizing focusing and
separation. The different actuation phenomena can be classified as active and passive
depending on the requirement for external power [25-27]. The different active
phenomena employed in microfluidic devices include DEP, acoustophporesis, and
magnetophoresis while the several passive phenomena include inertial microfluidics,
hydrophoresis and hydrodynamics [25-27]. Techniques such as discrete lateral
displacement and filtration that do not require external power have been specifically
employed for separation [25-27]. Papers and journals have been reviewed in order to
understand the topics of focusing and separation of micro-scale entities in DEP based
microfluidic devices.
2.1 Micro-Scale Entity Focusing
Focusing refers to the arrangement of randomly distributed micro-scale entities
in an orderly fashion [28-30]. Focusing that results in placement of micro-scale entities
in a plane is termed 2D focusing [28-30]; whereas, focusing that arranges the microscale entities in a line is termed as 3D focusing [28-30]. Focusing is an important prerequisite for cell separation [28-30]. To achieve both 2D and 3D focusing,
manipulation of the trajectory of micro-scale entity is required and to do this, the same
needs to be subjected to actuation force and there are different types of driving forces
that can be applicable for the microfluidic devices [28-30]. The different active
phenomena currently employed in microfluidic devices for realizing actuation forces
include acoustophoresis, DEP, and magnetophoresis [28-30].
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2.2 Micro-Scale Entity Separation
Separation refers to the breaking-up of a heterogeneous mixture of micro-scale
entities into several homogeneous samples [31-33]. The homogeneity of each of the
homogeneous samples can be in terms of size or type. For size-based separation, the
micro-scale entities in each of the homogeneous samples have same size. However,
the micro-scale entities in each of the homogeneous samples are of the same type in
type-based separation. The choice for the type of separation depends on the
application. As with focusing, the micro-scale entities’ trajectory needs to be
manipulated to achieve separation and all the actuation phenomena employed for
focusing are used even for separation of micro-scale entities [31-33]. Separation can
be classified as label free and otherwise [31-33]. Label-free based techniques achieve
separation by targeting intrinsic properties of the micro-scale entity. The intrinsic
properties commonly targeted include permittivity, density, compressibility, and
susceptibility [31-33]. The other type of separation involves labelling the micro-scale
entities so that they exhibit the targeted property and in turn they can be manipulated
for separation just like label free approach. The property that is commonly assigned to
micro-scale entities is magnetic susceptibility [31-33]. Separation can also be
classified into batch and continuous depending on the processing of the sample. In
batch type separation, the sample is intermittently processed through the device [3133]. For every batch of the sample that is processed, the desired micro-scale entities
are captured inside the microchannel and they are subsequently collected after the
completion of processing of the batch. On the other hand, the entire sample is
processed in a single go in continuous separation. In continuous separation, the target
micro-scale entities are separated from the remaining micro-scale entities in the
microfluidic device and simultaneously collected [31-33]. Thus, in continuous
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separation there is no capture of micro-scale entities inside the microchannel. Both
label free and label-based separation techniques can be employed for batch and
continuous separation.
2.3 Review of Existing Literature
The following part of this chapter will specifically look at DEP based devices
detailed in literature for purposes of focusing and separation. Both model and
experimental based work on focusing and separation have been reviewed. The initial
part of this section of the chapter will review articles dedicated to focusing while latter
part of the same will review articles dedicated to separation. With regard to separation,
only those articles dedicating continuous flow separation of micro-scale entities based
on size are reviewed in this section.
Morgan et al. [34] constructed a microfluidic device with electrodes on the
upper and lower surfaces of the microchannel. Each electrode consists of a curved
section and a straight section as shown in Figure 2.1 [34]. The electrodes on the same
side constituted a pair. Both pairs subjected the micro-scale entity to nDEP thereby
focusing them at the microchannel’s center.
Lin et al. [35] implemented a microfluidic device that simultaneously
employed sheath flow and DEP for achieving 3D focusing of micro-scale entities
including microparticles and cells. The microfluidic device of Lin et al. [35] is
schematically shown in Figure 2.2 [35]. In this device, microparticles are initially
focused along the width using sheath flow and later this stream of microparticles are
undergoing nDEP in the vertical direction to achieve focusing along the height. Planar
electrodes placed on the upper and lower surfaces of the microchannel are employed
for generating DEP in this device.
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Figure 2.1: Pictorial representation of the structure and working of the microdevice
of Morgan et al. [34].

Leu et al. [36] conceptualized a DEP based microfluidic device with a
convergent section, embedded with vertical electrodes, for purposes of focusing microscale entities such as microparticles. The conceptualized figure is shown in Figure 2.3
[36]. The vertical electrodes on the sidewalls, of the convergent section, subject microscale entities to nDEP thereby 2D focusing them in the middle of the microchannel.
Yu et al. [37] fabricated a DEP based microfluidic device for 3D focusing of
microscale entities; the device employed finite sized electrodes, on the inner surface
of the microchannel, arranged in IDT electrode configuration. Figure 2.4 provides a
schematic representation of the device [37]. The microparticles are subjected to nDEP
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Figure 2.2: Pictorial representation of the functioning of the microdevice (a) top
view and (b) front view of Lin et al. [35].
from the electrodes and this pushed all of them to the center of the microchannel to
achieve 3D focusing.
Holmes et al. [38] constructed a microfluidic device with trapezoid shaped
electrodes both on the upper and lower surfaces of microchannel. The base of the
electrodes is aligned with the sidewall as shown in Figure 2.5 [38]. The upper and
lower electrodes on the same side formed a pair. Both pairs of electrodes subject the
micro-scale entities to nDEP leading to them being 3D focused at the microchannel’s
center.

Figure 2.3: Schematic of the working of the microdevice of Leu et al. [36].
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Figure 2.4: Schematic of the microdevice of Yu et al. [37].
Wang et al. [39] fabricated a microfluidic device with vertical electrodes on
either side of the microchannel which works on DEP, Figure 2.6. The electrodes on
each side can be controlled independently; the electrodes on each side are kept in
interdigitated transducer (IDT) configuration. Both set of electrodes subject
microparticles to equal nDEP thereby focusing them at the microchannel’s center.
Only 2D focusing can be achieved in this device as the electrodes do not generated
vertical nDEP force.
Demierre et al. [40] constructed a DEP based microfluidic device with multiple
planar electrodes for focusing of micro-scale entities. The device consists of a central
microchannel and several blind lateral microchannels on both sides of the
microchannel; the electrodes are placed in these side microchannels. The schematic of
the device is shown in Figure 2.7 [40]. The electrodes on each side can be controlled
independently and subject the microparticles to nDEP. The force related to nDEP
acting on the microparticle from both sides focus the microparticles at the
microchannel’s center.
Alnaimat et al. [41] modeled 3D focusing microfluidic device with two
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Figure 2.5: Schematic of the structure and working of the microdevice of Holmes
et al. [38].
independently controllable IDT planar electrodes placed on the lower surface of the
microchannel. Figure 2.8 provides a schematic of the model [41]. Application of equal
applied voltages will cause micro-scale entities to be focused at the microchannel’s
center while unequal applied voltages will cause micro-scale entities to be focused at
positions which are not the microchannel’s center. Alnaimat et al. [41] conducted
parametric study using the model; the parameters studied include radius, microchannel
dimensions, volumetric flowrate, and applied voltages.
Alnaimat et al. [42] fabricated a microfluidic device with two planar electrodes
on the upper and lower faces of the microchannel; each electrode protrudes slightly
into the microchannel from the sides as shown in Figure 2.9 [42]. The electrode on the
upper and lower surfaces, on the same side, constituted a pair and thus there is one
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Figure 2.6: Schematic of the structure of the microdevice of Wang et al. [39]; (a)
and (b) perspective view of the electrodes and (c) and (d) perspective
view of channel.

electrode pair on the left and right side of the microchannel. The micro-scale entities
are exposed to nDEP from both the electrodes; for equal nDEP forces the micro-scale
entity is focused at the microchannel’s center and for unequal nDEP forces the microscale entity is focused away from the microchannel’s center. Alnaimat et al. [42]
conducted parametric study of the proposed device.

Figure 2.7: Pictorial representation of the structure and functioning of the
microdevice of Demierre et al. [40].
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Figure 2.8: Pictorial representation of the structure and functioning of the
microdevice of Alnaimat et al. [41].

Krishna et al. [43] modeled a 3D focusing microfluidic device with nozzle
shaped electrodes. The device is made up of four right-triangle shaped electrodes out
of which two electrodes on the upper and the other two on the lower surfaces,
respectively, as shown in Figure 2.10 [43]. The base of each triangle shaped electrode
is located on the edges of the microchannel. The electrodes on the same side form a
pair and the applied voltage to both electrode pairs is kept same. The micro-scale entity
is exposed to nDEP forces from the two electrode pairs and this focuses it at the center
of the microchannel. The ability of the model in realizing focusing is expressed using

Figure 2.9: Schematic of the structure and working of the microdevice of Alnaimat
et al. [42].
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Figure 2.10: Schematic of the microdevice of Krishna et al. [43] (a) 3D view, (b)
aerial view, and (c) lateral view.

the vertical and horizontal focusing parameters. Krishna et al. [43] conducted
parametric study using the model to evaluated the effect of geometric and operating
parameters on focusing.
Krishna et al. [44] modeled a 3D focusing microfluidic device with finite sized
planar electrodes implemented on the upper and lower surfaces of the microchannel;
the modeled device is shown in Figure 2.11 [44]. In this device, all incoming microscale entities experience to nDEP from both sets of electrodes. When the nDEP force

Figure 2.11: Schematic of the structure of the microdevice of Krishna et al. [44] (a)
3D exploded view, (b) 3D assembled view, and (c) aerial view of the
electrodes.
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from both sides are the same, due to the applied voltages of both sets of electrodes
being the same, the microparticles will be focused at the microchannel’s center.
However, the microparticles will be focused at distances away from the
microchannel’s center when the nDEP forces are unequal, due to applied voltages
being unequal. Thus, appropriate choice of applied voltage will allow 3D focusing of
micro entities at any point across the microchannel’s width.
Kralj et al. [45] manufactured a DEP based microfluidic device for size dependent
separation of micro-scale entities; the device uses inclined IDT planar electrodes as
shown in Figure 2.12 [45]. The micro-scale entities are introduced into the main
microchannel from a side microchannel and this confined them to a region next to one
of the sidewalls. The micro-scale entities experienced nDEP force as they passed over
the electrodes. Since the nDEP force is proportional to the magnitude of the microscale entities, the big micro-scale entities experienced greater lateral displacement than
the small micro-scale entity thereby achieving the desired separation. In one instance,
Kralj et al. [45] exhibited the efficacy of their device by separating a heterogeneous
mixture of 4 μm and 6 μm microparticles into homogeneous samples.
Chen and Du [46] fabricated a microfluidic device with slanted planar electrodes,

Figure 2.12: Pictorial representation of the structure and functioning of the
microdevice of Kralj et al. [45].
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Figure 2.13: Schematic of the (a) front view of the structure and (b) top view of the
working of the microdevice of Chen and Du [46].
each on either surface, for separation of micro-scale entities based on size. Figure 2.13
provides a pictorial representation of the microfluidic device [46]; each electrode on
the top surface aligns with the electrode on the bottom surface, thus constituting a pair.
The incoming micro-scale entities are exposed to nDEP by the several electrode pairs
in the microchannel. The drag experienced by the small micro-scale entities is greater
than the nDEP force experienced by the same and this causes the small micro-scale
entities to pass unhindered. On the other hand, the drag force experienced by the big
microparticle is not sufficient to overcome the nDEP force due to which they move
along the boundary of the electrodes. This difference in the path of the big and small
micro-scale entities lead to the separation of the heterogeneous mixture. Chen and Du
[46] exhibit the efficacy of their device in achieving size-based separation by
segregating a heterogeneous mixture of 9.6 μm and 16 μm.
Cetin et al. [47] built a microfluidic device shown in Figure 2.14 and it had vertical
electrodes for separation of micro-scale entities based on size. The electrode pair
consists of a continuous electrode placed on one of the sidewalls while a finite sized
electrode is placed on the opposite sidewall. The micro-scale entities are initially
focused, using sheath flow, next to the sidewall with the finite size electrode. The
micro-scale entities, in the focused stream, are subsequently subjected to nDEP by the
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Figure 2.14: Schematic of the working of the microdevice of Cetin et al. [47].

electrodes due to which the big micro-scale entities experience greater lateral
displacement than small micro-scale entities thereby achieving the desired separation.
Cetin et al. [47] successfully separated 5 μm and 10 μm polystyrene heterogeneous
mixture into homogeneous samples through this device.
Kang et al. [48] fabricated a microfluidic device based on magnitude separation.
This device combines pinched flow as well as DEP for achieving the desired
separation. The device employs two vertical electrodes; one of the electrodes is placed
upstream of an asymmetric constriction while the second electrode is placed
downstream of the same constriction as shown in Figure 2.15. The incoming
microparticles are initially focused next to the sidewall opposite the upstream vertical
electrode using sheath flow. In the constriction, the microparticles are further focused
next to the sidewall opposite the upstream vertical electrode. Upon exiting the
constriction, the streamlines expand and, in the process, they try to drag microparticles
towards the sidewall with the downstream vertical electrodes; however, the nDEP
force generated by the electrodes opposes this movement. The opposing forces (drag
vs. nDEP) lead the small microparticles to move closer to the wall with the

27
downstream electrodes than the big microparticles thereby causing the optimal
magnitude separation.

Figure 2.15: Schematic of the structure of the microdevice of Kang et al. [48].

Lewpiriyawong et al. [49] constructed another microfluidic device with multiple
finite sized IDT vertical electrodes, as shown in Figure 2.16, for separating micro-scale
entities based on their magnitude [49]. The vertical electrodes are realized by flowing
a mixture of PDMS and silver through side microchannels that connect to the main
flow microchannel and subsequently solidifying it. In their device, micro-scale
entities, irrespective of size, are concentrated next to the lateral wall with the vertically
oriented electrodes using sheath flow and they experience negative DEP while passing
in front of the electrodes leading to their separation. The big micro-scale entities
experience greater nDEP and thus greater lateral displacement than small micro-scale
entities thereby achieving the desired separation. This lateral displacement also causes
the microparticles to be in two different groups of streamlines with each group moving
towards a unique outlet. They successfully demonstrated separation of two different
heterogeneous mixtures, 5 μm and 10 μm as well as 10 μm and 15 μm, into
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homogeneous samples [49].

Figure 2.16: Schematic of the (a) structure and (b) working of the microdevice of
Lewpiriyawong et al. [49].

Liao et al. [50] developed a microfluidic device with multi fold fixed sized planar
electrodes, oriented in the direction of flow, for separating micro-scale entities
depending on their size; slanted electrodes are present on the upper and lower surfaces
of the microchannel and each upper electrode aligns with the bottom electrode to
constitute a pair. Figure 2.17 provides a schematic of the device [50]. The device has
two main sections; the upstream section accomplishes focusing while the downstream
section achieves separation. The several pairs of slanted electrodes of the upstream
section subject the incoming microparticles to strong nDEP force which cause them to
travel along the boundary of the electrodes and subsequently achieve focusing. The
microparticles of the focused stream are then subjected to nDEP force, by another set
of slanted electrodes, which in conjunction with the force associated with drag cause
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Figure 2.17: Schematic of the (a) structure and working and (b) movement of
microparticles around the electrodes of the microdevice of Liao et al.
[50].
the desired size-based separation. The interaction between forces associated with
nDEP and drag leads to the microparticles being extracted from the focused stream in
the order of increasing size. In one instance, Liao et al. [50] demonstrated the
separation of heterogeneous mixture of 2, 3, 4, and 6 μm polystyrene microparticles
using their device.
Chuang et al [51] realized another microfluidic device which combines pinched
flow and DEP for isolating micro entities depending on their size. DEP is realized in
the device using slanted IDT planar electrodes. The device is presented in Figure 2.18
[51]. Using pinched flow, the device focuses the microparticles close to one of the
sidewalls. As the focused stream of microparticles pass over the electrodes, they
experience size-dependent nDEP force, i.e. the small microparticle experiences the
minimum DEP force while the big microparticle experiences the maximum DEP force.
In addition, the microparticles experience force associated with drag which is also size
dependent. The simultaneous application of nDEP and drag forces makes the
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microparticle undergo lateral translation that is size dependent thereby achieve the
desired isolation.

Figure 2.18: Schematic of the structure and working of the microdevice of Chuang
et al. [51].

Altinagac et al. [52] constructed a microfluidic device with IDT planar electrodes,
oriented with the flow direction, for separation of micro-scale entities based on size;
Figure 2.19 provides a schematic of the device [52]. The device is designed such that
the big microparticle experiences nDEP which pushes it in the lateral direction while
passing over the electrodes and as the small microparticle pass over the electrodes,
they do not experience DEP. The fact that the big and small microparticles experience

Figure 2.19: Schematic of the structure of the microdevice of Altinagac et al. [52].

: Schematic of the structure of the microdevice of Altinagac et al. [2.28]
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different DEP forces, allow for their separation.
Krishna et al. [53] modeled a continuous flow microfluidic device which
constitutes planar electrodes on both the upper and lower surfaces of the microchannel
in order to separate the microparticles depending on their size. The model is shown in
Figure 2.20 [53]. The downstream section of the device carries out 3D focusing of the
incoming stream of microparticles whereas the second section carries out separation
of focused stream into homogeneous samples. While focusing each and every
microparticles are subjected to nDEP from both set of electrodes but in separation the
large microparticles experiences nDEP but the smaller microparticles doesn’t
experience DEP. Krishna et al. [53] described the working of the device by separating
a heterogeneous mixture of polystyrene with the particle size 2 μm and 2.25 μm into
two different homogeneous samples.

Figure 2.20: Schematic of the structure and working of the microdevice of Krishna
et al. [53].
Chen et al. [54] created a microfluidic device consisting of vertical electrodes,
arranged in IDT configuration, separating micro-scale entities based on size. Figure
2.21 provides a schematic of the device [54]. The vertical electrodes are realized using
the same approach as that of Lewpiriyawong et al. [49]. The incoming microparticles
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Figure 2.21: Schematic of the structure of the microdevice of Chen et al. [54].
are initially focused next to sidewall with the vertical electrodes using sheath flow.
The focused microparticles are subsequently exposed to nDEP and this leads to them
being pushed away from the sidewall with the vertical electrodes. As the nDEP force
is size dependent, the lateral displacement of the micro-scale entities is proportional to
size which leads to the separation of micro-scale entities. Chen et al. [54] successfully
separated a non-homogeneous mixture of polystyrene microparticles sized 5 μm, 10
μm, and 20 μm using the device.
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Chapter 3: Mathematical Modeling
This chapter specifically deals with the development of the mathematical model
of the microfluidic devices detailed in Chapter 1. The working of the microfluidic
devices involves the movement of micro-scale entities through electric, gravitational,
and velocity fields. Thus, the behavior of the microfluidic devices is a multi-physics
problem. The mathematical model made up of several equations including those
expressing the movement of the micro-scale entity, the fluid profile, electric voltage
and field. Figure 3.1 and Figure 3.2 provides the pictorial representation of the
microfluidic device employed for focusing and separation, respectively. The focusing
device consists of a single section with two pairs of electrodes; for equal applied
voltages, the micro-scale entities are focused at the microchannel’s center and when
unequal voltages are applied, the micro-scale entity is focused at locations other than
the center of the microchannel. The separation device contains two sections with the
upper section executing focusing and the bottom section employed for achieving
separation; each of the sections has two pairs of electrodes. Unequal applied electric
voltages are employed in both sections of the separation devices. The unequal applied
electric voltages lead to focusing of the devices next to the electrode pair with the

Figure 3.1: Schematic of the modelled focusing device; vf1 and vf2 are applied
voltages.
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Figure 3.2: Schematic of the modelled separation device; vf1 and vf2 are applied
voltages of focusing section and vs1 and vs2 are applied voltages of
separation section.

lower applied electric voltage in the focusing section. In the downstream section, the
unequal applied voltages push the big micro-scale entities in the focused stream
towards the interior of the microchannel while allowing the small micro-scale entities
to move through the section unaffected.
3.1 Equation of Motion
The equation describing the motion of the micro-scale entity in both the devices
is shown in Equation (3.1) [55, 56]. It is obvious that the motion of the micro-scale
entity is three-dimensional and thus one equation is required for describing the motion
of the micro-scale entity in each direction.
∑ 𝐹𝑝,𝑥
𝑥𝑝
{𝑦𝑝 } 𝑚𝑝 = {∑ 𝐹𝑝,𝑦 }
𝑑𝑡 2
𝑧𝑝
∑ 𝐹𝑝,𝑧
𝑑2

(3.1)

Where mp (kg) is the mass of the micro-scale entity, xp (m) being the
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displacement of the micro-scale entity in the x-axis, yp (m) is the micro-scale entity
displacement in the y-axis, zp (m) is the micro-scale entity displacement of the in the
z-axis, ∑ 𝐹𝑝,𝑥 (N) is the sum of all the external forces acting on the micro-scale entity
in the x-direction, ∑ 𝐹𝑝,𝑦 (N) is the total amount of all the periphery forces acting on
the micro-scale entity in the y-direction, and ∑ 𝐹𝑝,𝑧 (N) is the sum of all the external
forces acting on the micro-scale entity in the z-direction. The term on the left-hand side
of Equation (3.1) represents the inertial force [55, 56]. The different periphery forces
intervening on the micro-scale entity includes the force that associated with DEP,
gravitational force, force of buoyancy, virtual mass, and drag as shown in Figure 3.3.
The equation of the force associated with gravity is provided in Equation (3.2) [55,
56]. It can be noticed that the effect of gravity is only along the z-direction.
Gravitational force is dependent on the volume of the micro-scale entity, Vp (m3),
density of the micro-scale entity, ρp (kg/m3), and the acceleration due to gravity, g
(m/s2).
𝐹𝑝,𝑔

0
= 𝜌𝑝 𝑉𝑝 { 0 }
−𝑔

(3.2)

Equation (3.3) mathematically states the force associated with buoyancy [55, 56];

Figure 3.3: Schematic of the forces acting on micro-scale entity inside
microchannel.
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it only acts along the z-direction as with the gravitational force. Buoyancy force is
dependent on the volume of the micro-scale entity, Vp (m3), density of the liquid, ρm
(kg/m3), and the acceleration due to gravity, g (m/s2). The forces associated with
buoyancy and gravity act in opposite directions as can be noticed from Equation (3.2)
and Equation (3.3).
0
𝐹𝑝,𝑏 = 𝜌𝑚 𝑉𝑝 { 0 }
𝑔

(3.3)

Another force that acts on the micro-scale entity is drag. The drag experienced
by the micro-scale entity is provided in Equation (3.4) [55, 56]. This equation is
applicable only when the velocity of the micro-scale entity relative to the liquid is
small. In the case of microfluidic devices handling micro-scale entities, the velocity of
the micro-scale entity relative to the liquid is small and it is thus reasonable to use
Equation (3.4). Drag is dependent on the viscosity of the medium, μm (Pa.s), the radius
of the micro-scale entity, rp (m), and the velocities of the micro-scale entity, (m/s), and
the medium, um (m/s).
𝑢𝑚,𝑥 −
𝐹𝑝,𝑑 = 6𝜋𝜇𝑚 𝑟𝑝 𝑢𝑚,𝑦 −
{ 𝑢𝑚,𝑧 −

𝑑𝑥𝑝
𝑑𝑡
𝑑𝑦𝑝
𝑑𝑡
𝑑𝑧𝑝
𝑑𝑡

(3.4)
}

The mathematical equation describing the force associated with DEP is
provided in Equation (3.5) [57]. It can be noticed that Equation (3.5) is dependent on
the radius of the micro-scale entity, rp (m), Clausius-Mossotti factor, Re[fCM], electric
field, ERMS(V/m), and permittivity of the medium, εmεo (Fm-1); εo = 8.854 x10-12 F.m-1.
𝜕

𝐹𝑝,𝐷𝐸𝑃 = 2𝜋𝜀𝑜 𝜀𝑚 𝑟𝑝 3 𝑅𝑒[𝑓𝐶𝑀 ]

𝜕𝑥
𝜕
𝜕𝑦
𝜕

{𝜕𝑧 }

(𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 )

(3.5)
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The fact that the micro-scale entity is submerged inside the medium leads to the
existence of virtual mass force on the same and the force is quantified in Equation (3.6)
[55, 56]. Virtual mass force represents the force required to displace a certain volume
of the fluid so that the micro-scale entity can occupy the same volume. The virtual
mass force is dependent on the density of the medium, ρm (kg/m3), volume of the
micro-scale entity, Vp (m3), and velocity of the medium, um (m/s).
𝑑 2 𝑥𝑝
𝑑𝑡 2
1

𝑑 2 𝑦𝑝

2

𝑑𝑡 2
𝑑 2 𝑧𝑝

𝐹𝑝,𝑣𝑚 = − 𝜌𝑚 𝑉𝑝

−
−

{ 𝑑𝑡 2 −

𝑑𝑢𝑚,𝑥
𝑑𝑡
𝑑𝑢𝑚,𝑦
𝑑𝑡
𝑑𝑢𝑚,𝑧
𝑑𝑡

(3.6)
}

Inputting each of the individual external force terms into Equation (3.1) results
in the following equations. Equation (3.7) is the equation of motion in the x-direction,
while Equation (3.8) and Equation (3.9) represent the equation of motion in the ydirection and z-direction, respectively.
𝑑2

∂

𝑑 2 𝑥𝑝

1

𝑚𝑝 𝑑𝑡 2 𝑥𝑝 = 2𝜋𝜀𝑜 𝜀𝑚 𝑟𝑝 3 𝑅𝑒[𝑓𝐶𝑀 ] ∂x (𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 ) − 2 𝜌𝑚 𝑉𝑝 ( 𝑑𝑡 2 −
+6𝜋𝜇𝑚 𝑟𝑝 (𝑢𝑚,𝑥 −

𝑑𝑥𝑝
𝑑𝑡

𝑑2

∂

𝑑𝑦𝑝
𝑑𝑡

𝑑𝑡

)

)

(3.7)
𝑑2𝑦

1

𝑚𝑝 𝑑𝑡 2 𝑦𝑝 = 2𝜋𝜀𝑜 𝜀𝑚 𝑟𝑝 3 𝑅𝑒[𝑓𝐶𝑀 ] ∂y (𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 ) − 2 𝜌𝑚 𝑉𝑝 ( 𝑑𝑡 2𝑝 −

+6𝜋𝜇𝑚 𝑟𝑝 (𝑢𝑚,𝑦 −

𝑑𝑢𝑚,𝑥

𝑑𝑢𝑚,𝑦
𝑑𝑡

)

𝑑2

)

(3.8)

∂

𝑚𝑝 𝑑𝑡 2 𝑧𝑝 = −𝜌𝑝 𝑉𝑝 𝑔 + 𝜌𝑚 𝑉𝑝 𝑔 + 2𝜋𝜀𝑜 𝜀𝑚 𝑟𝑝 3 𝑅𝑒[𝑓𝐶𝑀 ] ∂z (𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 )
1

𝑑2𝑧

− 2 𝜌𝑚 𝑉𝑝 ( 𝑑𝑡 2𝑝 −

𝑑𝑢𝑚,𝑧
𝑑𝑡

) − 6𝜋𝜇𝑚 𝑟𝑝 (𝑢𝑚,𝑧 −

𝑑𝑧𝑝
𝑑𝑡

)

(3.9)

The initial conditions associated with Equations (3.7) - (3.9) are the initial
displacements and initial velocities [55, 56]. The micro-scale entity can be at any point
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at the inlet across the transverse section of the microchannel; this is presented in
Equation (3.10).
𝑥𝑝 (𝑡 = 0)
0
{𝑦𝑝 (𝑡 = 0)} = { 𝑌𝑜 }
𝑍𝑜
𝑧𝑝 (𝑡 = 0)

(3.10)

Where 𝑥𝑝 (𝑡 = 0) represents the initial displacement along the x-direction
while 𝑦𝑝 (𝑡 = 0) and 𝑧𝑝 (𝑡 = 0) represent the initial displacements along the ydirection and z-direction, respectively. As the origin is located at the inlet, the xdisplacement is zero as shown in Equation (3.10). Also, the micro-scale entity can
begin from any point across the cross section at the inlet and for this reason Yo and Zo
can assume any position along the width and height of the microchannel, respectively.
The initial velocities of the micro-scale entity are same as that of the medium at the
initial locations of the micro-scale entity as mathematically stated in Equation (3.11)
[55, 56].
𝑥𝑝 (𝑡 = 0)
𝑢𝑚,𝑥 (0, 𝑌𝑜 , 𝑍𝑜 )
{𝑦𝑝 (𝑡 = 0) } = {𝑢𝑚,𝑦 (0, 𝑌𝑜 , 𝑍𝑜 )}
𝑑𝑡
𝑧𝑝 (𝑡 = 0)
𝑢𝑚,𝑧 (0, 𝑌𝑜 , 𝑍𝑜 )
𝑑

(3.11)

Where 𝑥̇ 𝑝 (𝑡 = 0) represents the initial velocity along the x-direction while
𝑦̇𝑝 (𝑡 = 0) and 𝑧̇𝑝 (𝑡 = 0) represent the initials velocities along the y-direction and zdirection, respectively. By solving Equations (3.7) - (3.9), the displacement of the
micro-scale entity will be obtained and these equations are solved numerically. Finite
Difference Method (FDM) is used for solving the governing equations. Implementing
FDM requires replacing the differential terms with difference terms. The equations
above have both second order and first order differential terms and thus, difference
terms are required for replacing these terms [58]. Upon replacing the differential terms
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of Equations (3.7) - (3.9) and after rearrangement, the following equations, Equations
(3.12) - (3.14), are obtained; the derivation of these equations is provided in Appendix.
𝑛+1

𝑥𝑝 |

= (

+

+

𝑦𝑝 |

𝑛+1

6𝜋 𝜇𝑚 𝑟𝑝Δ𝑡 2
𝑚𝑒𝑞

3𝜋𝜇𝑚 𝑟𝑝Δ𝑡
𝑚𝑒𝑞

𝑢𝑚,𝑥 |(𝑥 𝑛,𝑦 𝑛,𝑧 𝑛) +
𝑝

𝑝

𝑚𝑒𝑞

= (

𝑝

6𝜋 𝜇𝑚 𝑟𝑝Δ𝑡 2
𝑚𝑒𝑞

) {2𝑦𝑝 | + (

𝑛−1

− 1) 𝑥𝑝 |

𝜌𝑚𝑉𝑝 Δ𝑡 2 d𝑢𝑚,𝑥
2𝑚𝑒𝑞

𝑝

𝑚𝑒𝑞

𝑝

𝑝

∂y

𝑛

1

6𝜋 𝜇𝑚𝑟𝑝 Δ𝑡 2
𝑚𝑒𝑞

) {2𝑧𝑝 | + (

𝑝

( 𝜌 − 1) +
𝑝

𝑝

𝑝

𝑑𝑡

|

𝑛 ,𝑦 𝑛 ,𝑧 𝑛 )
(𝑥𝑝
𝑝 𝑝

}

(3.12)

𝑛−1

− 1) 𝑦𝑝 |

𝜌𝑚 𝑉𝑝Δ𝑡 2 d𝑢𝑚,𝑦
2𝑚𝑒𝑞

|

𝑛 ,𝑦 𝑛 ,𝑧 𝑛 )
(𝑥𝑝
𝑝 𝑝

3𝜋𝜇𝑚 𝑟𝑝Δ𝑡
𝑚𝑒𝑞

𝑢𝑚,𝑧 |(𝑥 𝑛,𝑦 𝑛,𝑧 𝑛) +

𝑔𝑚𝑝∆𝑡 2 𝜌𝑚
𝑚𝑒𝑞

𝑚𝑒𝑞

𝑢𝑚,𝑦 |(𝑥 𝑛,𝑦 𝑛,𝑧 𝑛) +

3𝜋𝜇𝑚𝑟𝑝 Δ𝑡
1+ 𝑚
𝑒𝑞

+

𝑛 ,𝑦 𝑛 ,𝑧 𝑛 )
(𝑥𝑝
𝑝 𝑝

3𝜋𝜇𝑚 𝑟𝑝Δ𝑡

2𝜋𝜀𝑜 𝜀𝑚 𝑟𝑝3 Δ𝑡 2 𝑅𝑒[𝑓𝐶𝑀] ∂(𝐸∙𝐸)

= (

+

|

∂x

𝑛

1

3𝜋𝜇𝑚𝑟𝑝 Δ𝑡
1+ 𝑚
𝑒𝑞

+

𝑛+1

) {2𝑥𝑝 | + (

2𝜋𝜀𝑜 𝜀𝑚𝑟𝑝 3 Δ𝑡 2 𝑅𝑒[𝑓𝐶𝑀 ] ∂(𝐸∙𝐸)

+

𝑧𝑝 |

𝑛

1

3𝜋𝜇𝑚𝑟𝑝 Δ𝑡
1+ 𝑚
𝑒𝑞

𝑑𝑡

|

𝑛 ,𝑦 𝑛 ,𝑧 𝑛 )
(𝑥𝑝
𝑝 𝑝

}

(3.13)

𝑛−1

− 1) 𝑧𝑝 |

𝜌𝑚 𝑉𝑝Δ𝑡 2 d𝑢𝑚,𝑧
2𝑚𝑒𝑞

𝑑𝑡

|

𝑛 ,𝑦 𝑛 ,𝑧 𝑛 )
(𝑥𝑝
𝑝 𝑝

2𝜋𝜀𝑜 𝜀𝑚 𝑟𝑝3 Δ𝑡 2 𝑅𝑒[𝑓𝐶𝑀 ] ∂(𝐸∙𝐸)
𝑚𝑒𝑞

∂z

|

𝑛 ,𝑦 𝑛 ,𝑧 𝑛 )
(𝑥𝑝
𝑝 𝑝

}

(3.14)

1

Where 𝑚𝑒𝑞 (= 𝑚𝑝 + 2 𝜌𝑚 𝑉𝑝 ) (kg) is the equivalent mass, n indicates the
number of time steps and it is always an integer, ∆t (sec) represents the time step and
it is maintained at 10-5 sec in this study. Equations (3.12), (3.13), and (3.14) can be
used for predicting the displacements of the micro-scale entity at any future time. For
instance, when n = 5, these equations will provide the displacements of the micro-scale
entity after six-time steps. It is stressed that Equations (3.12) - (3.14) cannot be used
for determining the displacements at any random future time, but rather they can be
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used only for determining the displacements at any future time that is a multiple of the
time step. Moreover, for using Equations (3.12) - (3.14) it is important to have
knowledge of the displacements at two immediate past time steps, i.e. at n and n-1.
When applying these equations for displacements after the first-time step,
displacements at n = 0 and n = -1 are required. Displacement at n = 0 is available from
the initial condition provided in Equation (3.10); Displacement at n = -1 is not directly
available but can be determined from the initial conditions provided in Equation (11).
From Equation (3.11), relationships between the displacement at n = -1 and n = 1 are
obtained as shown in the equations below, i.e. Equations (3.15) - (3.17).
−1

𝑥𝑝 |
𝑦𝑝 |

−1

1

= 𝑥𝑝 | − 2 𝑢𝑚,𝑥 |(𝑥 𝑛,𝑦 𝑛,𝑧 𝑛) ∆𝑡
𝑝

−1

(3.15)

𝑝

1

= 𝑦𝑝 | − 2 𝑢𝑚,𝑦 |(𝑥 𝑛,𝑦 𝑛,𝑧 𝑛) ∆𝑡
𝑝

𝑧𝑝 |

𝑝

𝑝

(3.16)

𝑝

1

= 𝑧𝑝 | − 2 𝑢𝑚,𝑧 |(𝑥 𝑛,𝑦 𝑛,𝑧 𝑛) ∆𝑡
𝑝

𝑝

(3.17)

𝑝

Moreover, as the initial velocity of the micro-scale entity is same as the velocity
of the medium at the initial location of the micro-scale entity, there is no force
associated with drag at the beginning. Thus, after taking all these into consideration,
the equations for calculating the displacement of the micro-scale entities after the firsttime step is determined to be those in Equation (3.18), Equation (3.19) and Equation
(3.20).
1

0

𝑥𝑝 | = 𝑥𝑝 | + 𝑢𝑚,𝑥 |(𝑥 𝑛,𝑦 𝑛,𝑧 𝑛) ∆𝑡 +
𝑝

1

𝑝

𝑝

0

𝑦𝑝 | = 𝑦𝑝 | + 𝑢𝑚,𝑦 |(𝑥 𝑛,𝑦 𝑛,𝑧 𝑛) ∆𝑡 +
𝑝

𝑝

𝑝

2𝜋𝜀𝑜 𝜀𝑚 𝑟𝑝3 𝑅𝑒[𝑓𝐶𝑀 ]Δ𝑡 2 ∂(𝐸∙𝐸)
𝑚𝑒𝑞

|

(3.18)

|

(3.19)

∂x

𝑛 ,𝑦 𝑛 ,𝑧 𝑛 )
(𝑥𝑝
𝑝 𝑝

2𝜋𝜀𝑜 𝜀𝑚𝑟𝑝 3 𝑅𝑒[𝑓𝐶𝑀 ]Δ𝑡 2 ∂(𝐸∙𝐸)
𝑚𝑒𝑞

∂y

𝑛 ,𝑦 𝑛 ,𝑧 𝑛 )
(𝑥𝑝
𝑝 𝑝
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1

𝑔∆𝑡 2 𝑚𝑝 𝜌𝑚

0

𝑧𝑝 | = 𝑧𝑝 | + 𝑢𝑚,𝑧 |(𝑥 𝑛,𝑦 𝑛,𝑧 𝑛) ∆𝑡 +
𝑝

+

𝑝

2𝑚𝑒𝑞

𝑝

( 𝜌 − 1)
𝑝

2𝜋𝜀0 𝜀𝑟,𝑚𝑟𝑝3 𝑅𝑒[𝑓𝐶𝑀]∆𝑡 2 ∂(𝐸∙𝐸)
𝑚𝑒𝑞

∂z

|

𝑛 ,𝑦 𝑛 ,𝑧 𝑛 )
(𝑥𝑝
𝑝 𝑝

(3.20)

It can be noticed from Equation (3.12) to Equation (3.14) and Equation (3.18)
to Equation (3.20) that knowledge on the electric field as well as the velocity of the
medium are needed for calculating the displacement. The following sections of this
chapter will provide details of the approaches involved in determining the electric field
and the velocity of the medium.
The equations of motion, i.e. Equation (3.12) to Equation (3.14) and Equation
(3.18) to Equation (3.20), are based on several assumptions including 1. micro-scale
entities are spherical and rigid, 2. one-way coupling exists between the micro-scale
entities and the medium as well as between micro-scale entities and the electric
voltage, 3. micro-scale entity Reynolds number is much smaller than unity, 4. microscale entities are smaller than the width and depth of the microchannel, 5. no
interactions exists between micro-scale entities and also between the micro-scale
entities and the walls, 6. flow is fully developed, and 7. micro-scale entities do not
undergo rotation about its axis while in linear motion.
3.2 Electric Field
Knowledge of the electric field profile inside the microchannel is a prerequisite for
calculating the displacements. The electric field profile associated with the
microchannel is described by Equation (3.21) [56].
𝐸𝑅𝑀𝑆 = −∇𝜑𝑅𝑀𝑆 = − (

𝜕
𝜕𝑥

𝑖+

𝜕
𝜕𝑦

𝑗+

𝜕
𝜕𝑧

𝑘) 𝜑𝑅𝑀𝑆

(3.21)
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Where E (V/m) is the electric field vector, φ (V) is the electric potential inside the
microchannel. The electric field at any location can be determined once the electric
field components are determined. However, to determine the electric field components
at any location within the microchannel, it is necessary to know the electric voltage
within the microchannel. The electric voltage within the microchannel is expressed by
Equation (3.22) [56]; the form of Equation (3.22) is termed as Laplace equation in the
field of mathematics [58].
∇2 𝜑𝑅𝑀𝑆 = (

𝜕2
𝜕𝑥 2

+

𝜕2
𝜕𝑦 2

+

𝜕2
𝜕𝑧 2

) 𝜑𝑅𝑀𝑆 = 0

(3.22)

Where φ (V) represents the voltage inside the microchannel. Up on solving
Equation (3.22), the electric voltage inside the microchannel will become available.
Equation (3.22) is solved numerically using FDM. However, it becomes
computationally cumbersome to solve Equation (3.22) in the entire microchannel of
the devices shown in Figure 3.1 and Figure 3.2. Nevertheless, it can be noticed that the
microchannel is made up of repeating units; a single repeating unit is shown in Figure

Figure 3.4: Repeating unit of the microchannel for both focusing and separation
devices and associated boundary conditions.
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3.4. Thus, it is only necessary to solve the electric voltage and electric field inside the
repeating unit and afterwards this information can be mapped onto the rest of the
microchannel thereby generating information on the electric voltage and field inside
the entire microchannel. The boundary conditions associated with Equation (3.22) for
the repeating unit include known voltage on surfaces where the electrodes are located
and the remaining surfaces are insulated. The applied electric voltage on the left side
of the top surface and the right side of the bottom surface is provided in Equation
(3.23). The applied electric voltage on the right side of the top surface and the left side
of the bottom surface is provided in Equation (3.24). Equation (3.25) mathematically
states the boundary condition associated with the insulated boundaries of the repeating
unit.
𝜑|𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑑𝑒𝑠 = 𝜑1,𝑅𝑀𝑆

(3.23)

𝜑|𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑑𝑒𝑠 = −𝜑2,𝑅𝑀𝑆

(3.24)

𝜕𝜑

|

=0

⃗ 𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑖𝑒𝑠
𝜕𝑛

(3.25)

Where φ2,RMS (V) represent RMS value of the applied electric voltages, and 𝑛⃗
represents the direction normal to the surface. To employ FDM to solve Equation
(3.22), the second order differential terms are replaced by second order central
difference equations. Up on replacing the second order differential terms with second
order central difference terms and after rearrangement, Equation (3.26) is obtained.
Derivation of Equation (3.26) is provided in the Appendix.
𝜑𝑅𝑀𝑆 |𝑖+1,𝑗,𝑘 +𝜑𝑅𝑀𝑆 |𝑖−1,𝑗,𝑘 𝜑𝑅𝑀𝑆 |𝑖,𝑗+1,𝑘 +𝜑𝑅𝑀𝑆 |𝑖,𝑗−1,𝑘 𝜑𝑅𝑀𝑆 |𝑖,𝑗,𝑘+1+𝜑𝑅𝑀𝑆 | 𝑖,𝑗,𝑘−1
+
+
)
∆𝑥2
∆𝑦2
∆𝑧2

(

𝜑𝑅𝑀𝑆 |𝑖,𝑗,𝑘 =

2

2

2

( 2 + 2+ 2)
∆𝑥
∆𝑦
∆𝑧

(3.26)

Where i is the node number in the x-direction, j is the node number in the ydirection, k is the node number in the z-direction, ∆x (m) is the internode distance in
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the x-direction, ∆y (m) is the internode distance in the y-direction, and ∆z (m) is the
internode distance in the z-direction. When grouped together, (i, j, k) represents a
specific node associated with the repeating unit. Equation (3.26) is applicable for all
values of i between 1 and Nx as well as for values of j and k between 1 and Ny and 1
and Nz, respectively; Nx being the number of the last node in the x-axis, Ny is the
number of the last node in the y-axis, and Nz being the number of the last node in the
z-axis. The total number of nodes in the x-direction is (Nx + 1) while the total number
of nodes in the y-direction and z-direction are (Ny + 1) and (Nz + 1), respectively.
Equation (3.27) can be used for determining Nx provided ∆x is specified as an input
parameter; similarly, Equation (3.28) and Equation (3.29) can be used for determining
Ny and Nz.
𝐿

𝑁𝑥 = Δ𝑥 + 1
𝑊

𝑁𝑦 = Δ𝑦 + 1
𝐻

𝑁𝑧 = Δ𝑧 + 1

(3.27)

(3.28)
(3.29)

The total number of nodes in the repeating unit is equal to (Nx + 1) x (Ny + 1) x
(Nz + 1). For all the nodes on the electrodes, the voltage is known and thus, the voltage
on these nodes need not be calculated. The voltage on the remaining nodes need to be
calculated and for this Equation (3.26) needs to be applied to all of them and this will
result in a system of linear equations which needs to be solved simultaneously. It can
be noticed that Equation (3.26) requires information on nodes outside the boundaries
of the repeating unit for all nodes lying on the boundary. This relationship is
established from the repeating unit’s boundary condition shown in Equation (3.25).
Replacement of the differential term of Equation (3.25) with a difference equation and
subsequent rearrangement reveals the following relationships, i.e. Equation (3.30),
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Equation (3.31), and Equation (3.32), for application in Equation (3.26) while applying
the same to the nodes on the boundaries (corners, edges, and faces).
𝜑𝑅𝑀𝑆 |−1,𝑗,𝑘 = 𝜑𝑅𝑀𝑆 |2,𝑗,𝑘

(3.30)

𝜑𝑅𝑀𝑆 |𝑖,−1,𝑘 = 𝜑𝑅𝑀𝑆 |𝑖,2,𝑘

(3.31)

𝜑𝑅𝑀𝑆 |𝑖,𝑗,−1 = 𝜑𝑅𝑀𝑆 |𝑖,𝑗,2

(3.32)

After determining electric voltage associated with the repeating unit is
determined, the electric field components and electric field inside the same can be
determined. Each of the electric field components are determined by replacing the
differential terms by difference equations. It is needs to be remembered here that
electric field need not be determined for the nodes lying on the insulated boundaries
as the electric field on them are already known to zero as shown in Equation (3.25).
For nodes within the repeating unit, second order central difference schemes are used
as shown in Equations (3.33) - (3.35).
𝐸𝑅𝑀𝑆,𝑥 |1<𝑖<𝑁

= −(

𝐸𝑅𝑀𝑆,𝑦 |1<𝑖<𝑁

= −(

𝑥 , 1<𝑗<𝑁𝑦 , 1<𝑘<𝑁𝑧

𝑥,

𝐸𝑅𝑀𝑆,𝑧 |1<𝑖<𝑁

𝑥,

1<𝑗<𝑁𝑦, 1<𝑘<𝑁𝑧

1<𝑗<𝑁𝑦 , 1<𝑘<𝑁𝑧

= −(

𝜑𝑅𝑀𝑆 |𝑖+1,𝑗,𝑘−𝜑𝑅𝑀𝑆 |𝑖−1,𝑗,𝑘
2 ∆𝑥

)

𝜑𝑅𝑀𝑆 |𝑖,𝑗+1,𝑘−𝜑𝑅𝑀𝑆|𝑖,𝑗−1,𝑘
2 ∆𝑦
𝜑𝑅𝑀𝑆 |𝑖,𝑗,𝑘+1 −𝜑𝑅𝑀𝑆|𝑖,𝑗,𝑘−1
2 ∆𝑧

(3.33)

)

(3.34)

)

(3.35)

When estimating the electric field component, in the z-direction, on the
electrodes, either forward or backward difference equations are used. Second order
forward difference schemes are used for nodes on the electrodes of the bottom surface
of the microchannel while second order backward difference schemes are incorporated
for the top electrode nodes of the microchannel; these equations are provided below.
𝐸𝑅𝑀𝑆,𝑧 |

2𝑊𝑒,1 (𝑖−1)∆𝑥
𝐿 −𝐿
1≤𝑖≤ 12∆𝑥 2 +1,1≤𝑗≤ ∆𝑦(𝐿
+1,𝑘=1
1 −𝐿2 )

=

3𝜑𝑅𝑀𝑆 |𝑖,𝑗,𝑘−4𝜑𝑅𝑀𝑆 |𝑖,𝑗,𝑘+1 +𝜑𝑅𝑀𝑆|𝑖,𝑗,𝑘+2
2∆𝑧

(3.36)

46
𝐸𝑅𝑀𝑆,𝑧 |

=

2𝑊𝑒,1 (𝑖−1)∆𝑥
𝐿 −𝐿
1≤𝑖≤ 12∆𝑥 2 +1,1≤𝑗≤ ∆𝑦(𝐿
+1,𝑘=𝑁𝑧
−𝐿 )
1

−3𝜑𝑅𝑀𝑆 |𝑖,𝑗,𝑘+4𝜑𝑅𝑀𝑆|𝑖,𝑗,𝑘+1 −𝜑𝑅𝑀𝑆|𝑖,𝑗,𝑘+2
2∆𝑧

2

(3.37)

𝐸𝑅𝑀𝑆,𝑧 |

𝑊𝑐ℎ 2𝑊𝑒,1 (𝑖−1)∆𝑥
𝐿 −𝐿
1≤𝑖≤ 12∆𝑥 2 +1, ∆𝑦
− ∆𝑦(𝐿 −𝐿 ) +1≤𝑗≤𝑁𝑦,𝑘=1
1

2

3𝜑𝑅𝑀𝑆 |𝑖,𝑗,𝑘−4𝜑𝑅𝑀𝑆|𝑖,𝑗,𝑘+1+𝜑𝑅𝑀𝑆 |𝑖,𝑗,𝑘+2

=

2∆𝑧

(3.38)

𝐸𝑅𝑀𝑆,𝑧 |

𝑊𝑐ℎ 2𝑊𝑒,1 (𝑖−1)∆𝑥
𝐿 −𝐿
1≤𝑖≤ 12∆𝑥 2 +1, ∆𝑦
− ∆𝑦(𝐿 −𝐿 ) +1≤𝑗≤𝑁𝑦,𝑘=𝑁𝑧
1

2

−3𝜑𝑅𝑀𝑆 |𝑖,𝑗,𝑘+4𝜑𝑅𝑀𝑆|𝑖,𝑗,𝑘+1 −𝜑𝑅𝑀𝑆|𝑖,𝑗,𝑘+2

=

2∆𝑧

𝐸𝑅𝑀𝑆,𝑧 |

(𝑤𝑒,2 −𝑤𝑒,1 )((𝑖−1)∆𝑥−
𝑤𝑒,1
𝐿1 −𝐿2
𝐿 +𝐿
+1≤𝑖≤ 12∆𝑥 2 +1,1≤𝑗≤ ∆𝑦
+
2∆𝑥
𝐿2 ∆𝑦

2∆𝑧

𝐸𝑅𝑀𝑆,𝑧 |

(𝑤𝑒,2 −𝑤𝑒,1 )((𝑖−1)∆𝑥−
𝑤𝑒,1
𝐿1 −𝐿2
𝐿 +𝐿
+1≤𝑖≤ 12∆𝑥 2 +1,1≤𝑗≤ ∆𝑦
+
2∆𝑥
𝐿2 ∆𝑦

=

𝑊 −𝑤
𝐿1 −𝐿2
𝐿 +𝐿
+1≤𝑖≤ 12∆𝑥 2 +1, 𝑐ℎ∆𝑦 𝑒,1 −
2∆𝑥

𝑊 −𝑤
𝐿1 −𝐿2
𝐿 +𝐿
+1≤𝑖≤ 12∆𝑥 2 +1, 𝑐ℎ∆𝑦 𝑒,1 −
2∆𝑥

(𝐿1 −𝐿2)
)
2

2∆𝑧
(𝐿1 −𝐿2 )
)
2

𝐿2∆𝑦

2∆𝑧

𝐿2∆𝑦

=

(𝐿1 −𝐿2 )
)
2

(3.41)

≤𝑗≤𝑁𝑦 ,𝑘=1

3𝜑𝑅𝑀𝑆 |𝑖,𝑗,𝑘−4𝜑𝑅𝑀𝑆|𝑖,𝑗,𝑘+1+𝜑𝑅𝑀𝑆 |𝑖,𝑗,𝑘+2

(𝑤𝑒,2 −𝑤𝑒,1)((𝑖−1)∆𝑥−

(3.40)

,𝑘=𝑁𝑧

−3𝜑𝑅𝑀𝑆 |𝑖,𝑗,𝑘+4𝜑𝑅𝑀𝑆|𝑖,𝑗,𝑘+1−𝜑𝑅𝑀𝑆 |𝑖,𝑗,𝑘+2

(𝑤𝑒,2 −𝑤𝑒,1)((𝑖−1)∆𝑥−

=
𝐸𝑅𝑀𝑆,𝑧 |

,𝑘=1

3𝜑𝑅𝑀𝑆 |𝑖,𝑗,𝑘−4𝜑𝑅𝑀𝑆 |𝑖,𝑗,𝑘+1 +𝜑𝑅𝑀𝑆|𝑖,𝑗,𝑘+2

=

𝐸𝑅𝑀𝑆,𝑧 |

(𝐿1 −𝐿2)
)
2

(3.39)

(3.42)

≤𝑗≤𝑁𝑦 ,𝑘=𝑁𝑧

−3𝜑𝑅𝑀𝑆 |𝑖,𝑗,𝑘+4𝜑𝑅𝑀𝑆|𝑖,𝑗,𝑘+1−𝜑𝑅𝑀𝑆 |𝑖,𝑗,𝑘+2
2∆𝑧

(3.43)

𝐸𝑅𝑀𝑆,𝑧 |

(𝐿 +𝐿 )
2𝑤𝑒,2((𝑖−1)∆𝑥− 1 2 2 )
𝐿1 +𝐿2
+1≤𝑖≤𝑁𝑥 ,1≤𝑗≤
,𝑘=1
(𝐿1 −𝐿2 )∆𝑦
2∆𝑥

=
𝐸𝑅𝑀𝑆,𝑧 |

3𝜑𝑅𝑀𝑆 |𝑖,𝑗,𝑘−4𝜑𝑅𝑀𝑆|𝑖,𝑗,𝑘+1+𝜑𝑅𝑀𝑆 |𝑖,𝑗,𝑘+2

(𝐿 +𝐿 )
2𝑤𝑒,2((𝑖−1)∆𝑥− 1 2 )
2
𝐿1 +𝐿2
+1≤𝑖≤𝑁
,1≤𝑗≤
,𝑘=𝑁𝑧
𝑥
(𝐿1 −𝐿2 )∆𝑦
2∆𝑥

2∆𝑧

(3.44)

47
=
𝐸𝑅𝑀𝑆,𝑧 |
𝑊𝑐ℎ
𝐿1 +𝐿2
+1≤𝑖≤𝑁𝑥 , ∆𝑦
−
2∆𝑥

2𝑤𝑒,2((𝑖−1)∆𝑥−

𝑊𝑐ℎ
𝐿1 +𝐿2
+1≤𝑖≤𝑁𝑥 ,
−
2∆𝑥
∆𝑦

2∆𝑧

(3.45)

(𝐿1+𝐿2 )
)
2

≤𝑗≤𝑁𝑦,𝑘=1

(𝐿1 −𝐿2)∆𝑦

=
𝐸𝑅𝑀𝑆,𝑧 |

−3𝜑𝑅𝑀𝑆 |𝑖,𝑗,𝑘+4𝜑𝑅𝑀𝑆|𝑖,𝑗,𝑘+1 −𝜑𝑅𝑀𝑆|𝑖,𝑗,𝑘+2

2𝑤𝑒,2 ((𝑖−1)∆𝑥−

3𝜑𝑅𝑀𝑆 |𝑖,𝑗,𝑘−4𝜑𝑅𝑀𝑆|𝑖,𝑗,𝑘+1+𝜑𝑅𝑀𝑆 |𝑖,𝑗,𝑘+2

(𝐿1 +𝐿2 )
)
2

(𝐿1 −𝐿2 )∆𝑦

=

2∆𝑧

(3.46)

≤𝑗≤𝑁𝑦 ,𝑘=𝑁𝑧

−3𝜑𝑅𝑀𝑆 |𝑖,𝑗,𝑘+4𝜑𝑅𝑀𝑆|𝑖,𝑗,𝑘+1−𝜑𝑅𝑀𝑆 |𝑖,𝑗,𝑘+2
2∆𝑧

(3.47)

Once the components of the electric field are determined, the electric field
magnitude is determined. The relationship between electric field magnitude and
electric component is shown in Equation (3.48).
2
2
2
(𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 ) = (𝐸𝑅𝑀𝑆,𝑥
+ 𝐸𝑅𝑀𝑆,𝑦
+ 𝐸𝑅𝑀𝑆,𝑧
)

(3.48)

From Equation (3.1) it can be noticed that in order to determine the force
associated with DEP, it is important to determine the components of the gradient of
the magnitude of electric field. The gradient of the magnitude of the electric field is
mathematically stated as shown in Equation (3.49) [56, 57].
𝜕

𝜕

𝜕

2
2
2
∇(𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 ) = (𝜕𝑥 + 𝜕𝑦 + 𝜕𝑧) (𝐸𝑅𝑀𝑆,𝑥
+ 𝐸𝑅𝑀𝑆,𝑦
+ 𝐸𝑅𝑀𝑆,𝑧
)

(3.49)

The components of the gradient of the magnitude of the electric field is
numerically determined and it needs to be determined for all nodes of the repeating
unit. For all interior nodes of the repeating unit, the differential equations are
substituted with second order central difference schemes as shown in Equations (3.50)
- (3.52).
𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )
𝜕𝑥

|

1<𝑖<𝑁𝑥 ,1<𝑗<𝑁𝑦 ,1<𝑘<𝑁𝑧

=

(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )|𝑖+1,𝑗,𝑘 −(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )|𝑖−1,𝑗,𝑘
2 ∆𝑥

(3.50)
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𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )

|

𝜕𝑦

(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )|𝑖,𝑗+1,𝑘 −(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )|𝑖,𝑗−1,𝑘

=

2 ∆𝑦

1<𝑖<𝑁𝑥 ,1<𝑗<𝑁𝑦 ,1<𝑘<𝑁𝑧

𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )

|

𝜕𝑧

1<𝑖<𝑁𝑥 ,1<𝑗<𝑁𝑦 ,1<𝑘<𝑁𝑧

(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )|𝑖,𝑗,𝑘+1 −(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )|𝑖,𝑗,𝑘−1

=

2 ∆𝑧

(3.51)

(3.52)

For determining the gradient of the magnitude of the electric field at nodes on
the corners and edges, central difference schemes cannot be used and thus either
forward or backward second order difference schemes have to be used and these are
shown in the equations below.
𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )
𝜕𝑥

1

= 2∆𝑥 (−3 (𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 )|1,𝑗,𝑘 + 4 (𝐸𝑅𝑀𝑆 𝐸𝑅𝑀𝑆 )|2,𝑗,𝑘

|

𝑖=1 ,1≤𝑗≤𝑁𝑦,1≤𝑘≤𝑁𝑧

−(𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 )|3,𝑗,𝑘 )
𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )
𝜕𝑥

1

|

𝑖=𝑁𝑥 ,1≤𝑗≤𝑁𝑦,1≤𝑘≤𝑁𝑧

= 2∆𝑥 (3 (𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 )|𝑁𝑥,𝑗,𝑘

−4 (𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 )|𝑁𝑥−1,𝑗,𝑘 + (𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 )|𝑁𝑥−2,𝑗,𝑘 )
𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )
𝜕𝑦

(3.54)

1

|
1≤𝑖≤𝑁𝑥 ,𝑗=1,1≤𝑘≤𝑁𝑧

= 2∆𝑦 (−3(𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 )|𝑖,1,𝑘 + 4 (𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 )|𝑖,2,𝑘

−(𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 )|𝑖,3,𝑘 )
𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )

(3.53)

(3.55)

1

| 1≤𝑖≤𝑁𝑥,𝑗=𝑁𝑦 ,1≤𝑘≤𝑁𝑧 = 2∆𝑦 (3 (𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 )|𝑖,𝑁𝑦 ,𝑘

𝜕𝑦

−4 (𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 )|𝑖,𝑁𝑦−1,𝑘 + (𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 )|𝑖,𝑁𝑦+2,𝑘 ) (3.56)
𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )
𝜕𝑧

|

1

1≤𝑖≤𝑁𝑥 ,1≤𝑗≤𝑁𝑦,𝑘=1

= 2∆𝑧 (−3 (𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 )|𝑖,𝑗,1 + 4 (𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 )|𝑖,𝑗,2

−(𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 )|𝑖,𝑗,3 )

(3.57)
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𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )
𝜕𝑧

1

|

1≤𝑖≤𝑁𝑥 ,1≤𝑗≤𝑁𝑦,𝑘=𝑁𝑧

= 2∆𝑧 (3(𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 )|𝑖,𝑗,𝑁𝑧

−4 (𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 )|𝑖,𝑗,𝑁𝑧+1 + (𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 )|𝑖,𝑗,𝑁𝑧+2 )

(3.58)

It is essential to know the gradients of the magnitude of the electric field at the
current location of the micro-scale entity. If the micro-scale entity occupies the
position that is same as a node used for determining the electric potential, then the
gradient of the magnitude of electric field is calculated directly. Nevertheless, if the
micro-scale entity occupies a position other than that of a node employed for
determining the electric potential then the gradient of the magnitude of electric field at
that location is interpolated using the gradient of the magnitude of the electric field at
the neighboring nodes as shown in Equation (3.59), Equation (3.60), and Equation
(3.61).
𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )
𝜕𝑥

|

𝑥𝑝 ,𝑦𝑝,𝑧𝑝

1 𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )
|
𝜕𝑥
𝑖,𝑗,𝑘

= 8(

𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )
𝜕𝑥

|

𝑖,𝑗+1,𝑘

+

𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )

|

𝜕𝑥

𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )

+

𝑖,𝑗,𝑘+1

𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )
𝜕𝑥

+

𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )

|

𝜕𝑥

𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )
𝜕𝑦

|
𝑥𝑝 ,𝑦𝑝,𝑧𝑝

1

= 8(

|

𝜕𝑦

|

𝜕𝑦

+

|

+

𝜕𝑦

|
𝑖,𝑗+1,𝑘+1

𝑖+1,𝑗,𝑘+1

|

𝜕𝑥

|

(3.59)

)

(3.60)

+
𝑖+1,𝑗,𝑘

|

𝜕𝑦

+
𝑖+1,𝑗+1,𝑘

𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )

|

𝜕𝑦

)

𝑖+1,𝑗+1,𝑘+1

𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )

+

+

𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )

𝜕𝑦

𝑖,𝑗,𝑘+1

𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )

+

|

𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )

𝑖,𝑗+1,𝑘

𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )

+

𝑖+1,𝑗+1,𝑘

𝜕𝑥

𝑖,𝑗,𝑘

𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )

𝜕𝑦

+

|

𝑖+1,𝑗,𝑘

𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )

+

𝑖,𝑗+1,𝑘+1

𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )

|

𝜕𝑥

+

𝑖+1,𝑗,𝑘+1

𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )
𝜕𝑦

|
𝑖+1,𝑗+1,𝑘+1
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𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )
𝜕𝑧

|

𝑥𝑝 ,𝑦𝑝,𝑧𝑝

1 𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )
|
𝜕𝑧
𝑖,𝑗,𝑘

= 8(

𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )
𝜕𝑧

|

+

|

+

𝑖,𝑗+1,𝑘

𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )
𝜕𝑧

+

𝑖,𝑗,𝑘+1

𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )
𝜕𝑧

|

𝑖,𝑗+1,𝑘+1

𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )
𝜕𝑧

|

𝑖+1,𝑗,𝑘

+

𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )
𝜕𝑧

|

𝑖+1,𝑗+1,𝑘

𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )

+

𝜕𝑧

|

𝑖+1,𝑗,𝑘+1

+
+

𝜕(𝐸𝑅𝑀𝑆 ∙𝐸𝑅𝑀𝑆 )
𝜕𝑧

|

𝑖+1,𝑗+1,𝑘+1

)

(3.61)

A MATLAB code is developed for determining the electric potential and
electric field using the above detailed methods. The inter-node length in the x- and zaxis are maintained at 4 μm and 1 μm, respectively; inter-node length in the y-axis is
in turn decided based on the inter-node distance in the x-axis. Iterations are carried out
for determining the electric potential until the error between two successive iterations
is less than 10-15 V.
3.3 Velocity Field
Equations (3.12) to (3.14) and Equation (3.18) to (3.20) cannot be solved until
the velocity of the medium inside the microchannel is known. The velocity field inside
the microchannel is by the continuity equation and Navier-Stokes equations [59]. As
mentioned already, one of the assumptions is that the flow is fully developed. The flow
in microfluidic devices employed for handling micro-scale entities is low such that it
can safely be assumed to be fully developed. Also, it’s assumed to be in steady state
condition, and there are no body forces on the fluid. For full-fledged flow, the
continuity equation and Navier-Stokes equations reduce to that shown in Equation
(3.62) and Equation (3.63), respectively [59]. Physically, this implies that the medium
has velocity only along the axial direction an there are no velocities along the y- and
z-directions; moreover, the velocities at any cross-section along the axial direction is
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the same. Details of the reduction of the 3D form of the continuity equation and
Navier-Stokes equations to the reduced form are provided in White [60].
𝜕𝑢𝑚,𝑥
𝜕𝑥

=0

𝜕2 𝑢𝑚,𝑥
𝜕𝑦 2

+

(3.62)

𝜕2 𝑢𝑚,𝑥
𝜕𝑧 2

1 𝑑𝑃

=𝜇

𝑚

(3.63)

𝑑𝑥

Where um,x (m/s) is the velocity of the fluid in the axial direction, μm (Pa.s) is the
viscosity of medium and P (Pa) is the pressure. Upon solving Equation (3.63), the
velocity of the medium will become available. The boundry conditions asscoiated with
Equation (3.63) inlude velocity on the walls; this is shown in Equation (3.64). This
boundary conditon is the no-slip condition [60].
𝑢𝑚,𝑥 |𝑤𝑎𝑙𝑙 = 0

(3.64)

Equation (3.63) is also numerically solved in conjuction with Equation (3.64)
using FDM. For employing FDM, nodes are incorported into the computatiional
domain. The differential terms are replaced with second order central difference terms
and rearranged to obtain the equation shown in Equation (3.65); the derivation of these
equations is provided in Appendix. Application of Equation (3.65) to all nodes, expect
those on the walls, results in a series of equations which inturn solving will provide
the velocity of the medium across the cross-section of the microchannel.
𝑢𝑚,𝑥 |𝑗,𝑘 = (

1
2
2
+
∆𝑦2 ∆𝑧2

) ((

𝑢𝑚,𝑥 |𝑗+1,𝑘 +𝑢𝑚,𝑥 |𝑗−1,𝑘
∆𝑦 2

)+(

𝑢𝑚,𝑥 |𝑗,𝑘+1 +𝑢𝑚,𝑥 |𝑗,𝑘−1
∆𝑧 2

1 𝑑𝑃

)−𝜇

𝑚

𝑑𝑥

)) (3.65)

The internode distance while solving Equation (3.62) is kept at 0.5 μm. It is
stressed here that it is not necessary to maintaing the internode distances same while
solving Equation (3.26) and Equation (3.65). Once the velocities are calculated, the
flowrate is determined using Equation (3.66). Equation (3.66) is numerically evaluated
as shown in Equation (3.67). The axial pressure gradient is an input parameter in
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Equation (3.63). However, the pressure gradient is not known a priori and the correct
pressure gradient is determined by trail-and-error till the flowrate determined using
Equation (3.67) is equal to the desired flowrate.
𝑄 = ∬ 𝑢𝑚,𝑥 𝑑𝐴
𝑄 = ∑ 1≤𝑗≤𝑛−1 (

(3.66)
𝑢𝑚,𝑥 |𝑗,𝑘+𝑢𝑚,𝑥 |𝑗,𝑘+1 +𝑢𝑚,𝑥 |𝑗+1,𝑘+𝑢𝑚,𝑥 |𝑗+1,𝑘+1
4

1≤𝑘≤𝑚−1

) ∆𝑦∆𝑧

(3.67)

Where n represents the number of nodes in the direction of the microchannel
width while m indicates the number of nodes in the direction of the microchannel
height. When the micro-scale entity occupys the same location as a node, its velocity
matches with that calculated for the node. On the other hand, when the micro-scale
entity occupys a position other than the node, its velocity is interpolated based on the
velocity of the four neighboring nodes as shown in Equation (3.68).
𝑢𝑚,𝑥 |𝑥

𝑝 ,𝑦𝑝, 𝑧𝑝

=(

𝑢𝑚,𝑥 |𝑗,𝑘+𝑢𝑚,𝑥 |𝑗+1,𝑘+𝑢𝑚,𝑥 |𝑗,𝑘+1+𝑢𝑚,𝑥 |𝑗+1,𝑘+1
4

)

(3.68)

Moreover, to solve Eq (3.12) to Equation (3.14) as well as Equation (3.18) to
Equation (3.20) it is necessary to determine the totat derivative of velocity of the
medium. The total deriavative of the medium’s velocity of the medium in the axial
direction is given in Equation (3.69). The two terms on the right-hand side, especially
1st and 4th terms, are zero as the axial velocity does not change in the axial direction as
mentioned above and because the velocity does not change with time. The other two
terms can be determined numerically. The y- and z-displacements of the micro-scale
entity at the current, i.e. at n + 1, and previous, i.e. at n, time steps as well as the axial
velocities of the medium at the current, i.e. at n + 1, and previous, i.e. at n, locations
of the particle are used for evaluating the remaining terms of Equation (3.69).
d𝑢𝑚,𝑥
𝑑𝑡

=

𝜕𝑢𝑚,𝑥 d𝑥
𝜕𝑥

+
𝑑𝑡

𝜕𝑢𝑚,𝑥 d𝑦
𝜕𝑦

+
𝑑𝑡

𝜕𝑢𝑚,𝑥 𝑑𝑧
𝜕𝑧

+
𝑑𝑡

𝜕𝑢𝑚,𝑥
𝜕𝑡

(3.69)
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3.4 Performance Metrics
The performance metrics of the focusing device and separation devices are provided
in this section. The performance metrics of the focusing device include horizontal (∆w)
and vertical (∆d) focusing parameters [61, 62]. The metrics are mathematically stated
in Equation (3.70) and Equation (3.71) and they indicate the standard deviations
related to the position of the micro-scale entities at the exit of the device [61, 62].
Generally, smaller focusing parameters represent better focusing.
∆𝑤 = √

2

∗
∑𝑁
𝑖=1(𝑦𝑝 −𝑌 )

𝑁−1
𝑁

∑ (𝑧 −𝑍
∆𝑑 = √ 𝑖=1 𝑝

∗)2

𝑁−1

(3.70)

(3.71)

Where Y* and Z* represent the horizontal and vertical locations of a fully 3D focused
micro-scale entities and N represents the number of micro-scale entities released from
the inlet of the device. For the separation model, the performance metrics are
separation efficiency (SE) and separation purity (SP) [61]. SE represents the proportion
of the number of a particular sized micro-scale entity appearing at its designated outlet
to the total number of same sized micro-scale entities introduced at the inlet of the
device. SP represents a proportion of the number of micro-scale entities of a particular
size appearing at its designed outlet to the total number of micro-scale entities
appearing at the same outlet. Mathematically, SE and SP are stated in Equation (3.72)
and Equation (3.73) [61, 62].
𝑆𝐸(𝐴) =

# 𝑜𝑓 𝑚𝑖𝑐𝑟𝑜−𝑠𝑐𝑎𝑙𝑒 𝑒𝑛𝑡𝑖𝑡𝑖𝑒𝑠 𝑜𝑓 𝑠𝑖𝑧𝑒 𝐴 𝑎𝑡 𝑜𝑢𝑡𝑙𝑒𝑡 𝑜𝑓 𝐴
# 𝑜𝑓 𝑚𝑖𝑐𝑟𝑜−𝑠𝑐𝑎𝑙𝑒 𝑒𝑛𝑡𝑖𝑡𝑖𝑒𝑠 𝑜𝑓 𝑠𝑖𝑧𝑒 𝐴 𝑎𝑡 𝑖𝑛𝑙𝑒𝑡
# 𝑜𝑓 𝑚𝑖𝑐𝑟𝑜−𝑠𝑐𝑎𝑙𝑒 𝑒𝑛𝑡𝑖𝑡𝑖𝑒𝑠 𝑜𝑓 𝑠𝑖𝑧𝑒 𝐴 𝑎𝑡 𝑜𝑢𝑡𝑙𝑒𝑡 𝑜𝑓 𝐴

𝑆𝑃(𝐴) = # 𝑜𝑓 𝑚𝑖𝑐𝑟𝑜−𝑠𝑐𝑎𝑙𝑒 𝑒𝑛𝑡𝑖𝑡𝑖𝑒𝑠 𝑜𝑓 𝑎𝑙𝑙 𝑠𝑖𝑧𝑒𝑠 𝑎𝑡 𝑜𝑢𝑡𝑙𝑒𝑡 𝑜𝑓 𝐴

(3.72)
(3.73)

For determine the performance metrics 81 (= N) micro-scale entities are released
from the inlet of the focusing and separation microfluidic devices and subsequently
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their trajectories and locations at the end of the device are determined.
3.5 Implementation of Focusing and Separation Device Model
The model developed in this section is specifically useful in determining the
dimensional and functional parameters for achieving the design performance metrics.
It is stressed here that there are multiple combinations of geometric and operating
parameters that can provide the desired performance metrics. The choice of a particular
combination of geometric and operating parameters, from the several options
available, depends on design constraints. This section details how the equations are
employed for determining the performance metrics of the focusing device as well as
separation device. Figure 3.5 and Figure 3.6 provides a flowchart explaining the
implementation of the focusing and separation models, respectively. Both flow charts
require a combination of operating and geometric parameters to start. While selecting
a combination of parameters, it needs to be ensured that they satisfy all design
constraints. Afterwards, the combination of parameters is used to determine the
trajectory of the microparticles and subsequently the performance metrics. In the next
step, the calculated performance metrics is compared with the desired performance
metrics and if the former is better than the latter then the combination of parameters is
selected. Otherwise, a new combination of design parameter is selected and the
procedure is repeated.
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Figure 3.5: Flow chart depicting the design approach of the focusing device.
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Figure 3.6: Flow chart depicting the design approach of the separation device.
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Chapter 4: Results and Discussions
This chapter details the findings from the model associated with the focusing
and separation device as well as explanation of the trends in the findings. Prior to
discussing the findings on focusing and separation devices, the model is validated
using data from literature and this forms the first Section of this Chapter. Experimental
data from Holmes et al. [38] is used for purposes of validation. The following section
details the voltage profile obtained from the model. The third section of this chapter is
dedicated to the focusing model while the fourth section of this chapter is dedicated to
separation model. For both models, polystyrene (εe = 2.55, ρe = 1055 kg/m3) is used as
representative of micro-scale entities and water is used as the representative of the
medium (εe = 78.5, ρm = 998 kg/m3) [41]. The approach adopted for parametric study
involves varying one input parameter at a time while keeping all other parameters
constant. For purposes of determining the performance metrics 81 uniformly
distributed microparticles are allowed to pass through the inlet of the microchannel of
the focusing and separation device.
4.1 Model Validation
For validation, experimental data from literature is used. Holmes et al. [38] had
constructed a microfluidic device with planar electrodes on the upper and lower
surfaces of the same for focusing. Figure 4.1 provides the schematic of the device of
Holmes et al. [38]. Each electrode has trapezoidal shape and it is placed inside the
microchannel such that the two parallel sides, of the electrode, are perpendicular to the
sidewall of the microchannel and the one of the sides, of the electrode, is aligned with
the sidewall. Each electrode emerges from the sidewall into the microchannel. There
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are two electrodes on each side and they form a pair.

Figure 4.1: Schematic of the micro-device developed by Holmes et al. [38].

Figure 4.2 provides a schematic of the conversion of the electrode
conceptualized as part of this thesis into the electrode employed in the device of
Holmes et al. [38]. It can be noticed this electrode will resemble the electrode of
Holmes et al. [38] when we1 is set equal to 105 µm, we2 is set equal to 55 µm, and L1

Figure 4.2: Schematic demonstrating conversion of the electrode design
conceptualized in this work into the electrode design of Holmes et al.
[38].
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and L2 are equal at 500 µm; additionally, the number of electrodes (nf) is kept equal to
unity.
The code developed for conducting parametric study on the devices was created
with the provision of assigning different values for we1 and we2 as well as taking same
values for L1 and L2. Thus, the same code is used for parametric study as well as model
validation.
The testing of the device of Holmes et al. [38] was done for different voltages;
the voltages used include 0, 5 Vpp, 15 Vpp, and 20 Vpp. Figure 4.3 provides the
photographs of the trajectory of micro-scale entities in the microfluidic device of
Holmes et al. [38]. Regarding the volumetric flow rate, Holmes et al. [38] did not
provide the volumetric flow rate for applied voltages of 0, 5 V pp, and 15 Vpp. Holmes
et al. [38] estimated the maximum velocity in the microchannel to be 1 mm/s for the
case when applied voltage is equal to 20 V pp. Thus, comparison of experiment- and
model-based data is done just for applied voltages of 0 and 20 Vpp. In the absence of
applied electric voltage, the trajectory of micro-scale entities is independent of
volumetric flow rate thereby allowing for the comparison between data from
experiment and model. Figure 4.4 provides the top view of the trajectories of the latex
beads based on model. It can be inferred that in the case without applied voltage, all
latex beads move through the device unaffected. On the other hand, the microparticles
are focused at the center of the device in the case where the applied electric voltage is
20 Vpp. In the model, a distance of 0.5 mm is added upstream and downstream of the
electrodes. Figure 4.5 provides comparison between the trajectories of latex beads
based on experiments and model. It can be observed that there is great resemblance
between the trajectories from experiment and that from the model thereby validating
the same.

Figure 4.3: Photographs of the trajectory of the latex micro-scale entities from the experiments of conducted in the device of Holmes
et al. [38].
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(a)

(b)
Figure 4.4: Schematic of the trajectories in the device of Holmes et al. [38]
calculated using the developed model for (a) 0 Vpp and (b) 20 Vpp.

Figure 4.4: Top view of the trajectory of latex micro-scale entities, as determined
using the model, in the microdevice with same construction as that of Holmes et
al. [4.1]

(a)

(b)
Figure 4.5: Comparison between experiment- and model-based trajectories of latex beads for (a) 0 Vpp and (b) 20 Vpp.
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4.2 Focusing Device
This section of the chapter demonstrates as well as quantifies the effectiveness of
the conceptualized device in 3D focusing. This section of the chapter starts by
providing the profile of the voltage in the focusing device conceptualized in this book.
Figure 4.6 provides the voltage profile on different horizontal surfaces across the
height of the microchannel, for equally applied voltages, as determined by solving the
governing equation of the electric voltage. Figure 4.7 provides the voltage profile on
different horizontal surfaces along the height of the microchannel for unequal applied
voltages. An electrode free length is assumed upstream and downstream of the
electrodes. It can be noticed from Figure 4.6 and Figure 4.7 that electric voltage profile
in the repeating unit is same except for the ones at the ends. This acts as a check of the
accuracy of the MATLAB code. Figure 4.6 and Figure 4.7 are plotted for
microchannel and electrode dimensions of Wch/Hch = 75 µm, we1 = we2 = 25 µm, L1 =
300 µm, L2 = 100 µm, nf = 20 and φ1 = φ2 = 15 Vpp in the case of equal applied electric
voltages and φ1 = 15 Vpp and φ2 = 5 Vpp in the case of unequal applied electric voltages.
A mesh independence study was done using different mesh settings. Table 4.1 shows
the different mesh settings employed for studying the performance metrics for the
focusing device. and it is can be noticed that the performance metrics is almost
independent of the mesh settings. All parametric studies conducted in this work is
performed for the highest number of total nodes.
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Table 4.1: Performance metrics of focusing device for different mesh settings.
∆Nx (μm)

∆Ny (μm)

∆Nz (μm)

Total Nodes

∆W (μm)

∆H (μm)

4

1

1

438976

0.16086

0.15732

4

1

2

225264

0.17204

0.16791

10

2.5

1

73036

0.16091

0.15729

Figure 4.8 shows the path of polystyrene microparticles in the focusing device
for equal applied electric voltage while Figure 4.9 shows the trajectory of polystyrene
microparticles for unequal applied electric voltages. The polystyrene microparticles
enter the microchannel at several different locations and are focused up on reaching
the exit of the microchannel. Additionally, the figures show the projections of the
trajectories onto the vertical and horizontal planes. Figure 4.10 shows the aerial view
of the trajectory of polystyrene microparticles shown in Figure 4.8 while Figure 4.11
provides the top view of the trajectories of the polystyrene microparticles provided in
Figure 4.9; φ1 = φ2 = 15 Vpp for the case of equal applied electric voltages and φ1 = 15
Vpp and φ2 = 5 Vpp for the case of the unequal applied electric voltages. The
microchannel and electrode dimensions are kept constant for Figure 4.8 to Figure 4.11;
Wch/Hch = 75 µm, we1 = we2 = 25 µm, L1 = 300 µm, L2 = 100 µm, n = 20 and Q = 0.2
ml/h.
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(a)

(b)
Figure 4.6: Electric voltage profile on horizontal surfaces at (a) z = 0, (b) z = 19 µm,
(c) z = 57 µm, and (d) z = 75 µm; Wch/Hch = 75 µm, L1 = 300 µm, L2 = 100
µm, we1 = we2 = 25 µm, φ1 = φ2 = 15 Vpp, nf = 20 (RMS voltage shown in
figure).
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(c)

(d)

Figure 4.6: Electric voltage profile on horizontal surfaces at (a) z = 0, (b) z = 19 µm,
(c) z = 57 µm, and (d) z = 75 µm; Wch/Hch = 75 µm, L1 = 300 µm, L2 =
100 µm, we1 = we2 = 25 µm, φ1 = φ2 = 15 Vpp, nf = 20 (RMS voltage
shown in figure), (Continued).
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(a)

(b)

Figure 4.7: Electric voltage profile on horizontal surfaces at (a) z = 0, (b) z = 19 µm,
(c) z = 57 µm, and (d) z = 75 µm; Wch/Hch = 75 µm, L1 = 300 µm, L2 =
100 µm, we1 = we2 = 25 µm, φ1 = 5 Vpp, φ2 = 15 Vpp, nf = 20 (RMS voltage
shown in figure).
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(c)

(d)

Figure 4.7: Electric voltage profile on horizontal surfaces at (a) z = 0, (b) z = 19
µm, (c) z = 57 µm, and (d) z = 75 µm; Wch/Hch = 75 µm, L1 = 300 µm,
L2 = 100 µm, we1 = we2 = 25 µm, φ1 = 5 Vpp, φ2 = 15 Vpp, nf = 20 (RMS
voltage shown in figure), (Continued).
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Figure 4.8: Trajectories, 3D (–––), horizontal projection (–––), and vertical projection (–––), of polystyrene microparticles in the
focusing device with equal applied voltages; Wch/Hch = 75 µm, L1 = 300 µm, φ1 = φ2 = 15 Vpp, L2 = 100 µm, we1 = we2 =
25 µm, Q = 0.2 ml/h, re = 3 µm, nf = 20.

70

Figure 4.9: Trajectories, 3D (–––), horizontal projection (–––), and vertical projection (–––), of polystyrene microparticles in the
focusing device with unequal applied voltages; Wch/Hch = 75 µm, φ1 = 15 Vpp, φ2 = 5 Vpp, L1 = 300 µm, L2 = 100 µm,
we1 = we2 = 25 µm, Q = 0.2 ml/h, re = 3 µm, nf = 20.

Figure 4.10: Top view of the trajectories of polystyrene microparticles in the device with for equal applied voltages shown against
the bottom surface of the microchannel; Wch/Hch = 75 µm, L1 = 300 µm, L2 = 100 µm, we1 = we2 = 25 µm, φ1 = φ2 =
15 Vpp, Q = 0.2 ml/h, re= 3 µm, nf = 20.
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Figure 4.11: Top view of the trajectories of polystyrene microparticles in the device with for unequal applied voltages shown against
the bottom surface of the microchannel Wch/Hch = 75 µm, L1 = 300 µm, L2 = 100 µm, we1 = we2 = 25 µm, φ1 = 15 Vpp,
φ2 = 5 Vpp, re = 3 µm, nf = 20.
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Various geometric and operating parameters are studied to understand their
influence on the efficiency metrics of the focusing device. These parameters consist of
width and the height of the microchannel, the voltage of the electrodes, the flow rate
inside microchannel, and the electrode dimensions. For all studies, polystyrene
microparticles is used as the representative micro-scale entity and water is used as the
representative medium. The operating frequency is kept very high (> 10 MHz) and the
associated Re[fCM] is -0.476.
Figure 4.12 depicts the influence of the width/height of the microchannel on the
performance metrics of the device. It can be noticed that increase in microchannel
width/depth degrades the performance metrics of the focusing device. In the
microchannel the magnitude of electric voltage gets reduced with an increase in the
dimension of the channel. Eventually, the electric field and DEP force reduce inside
the microchannel leading to the observed reduction in focusing parameters.
Comparison of Figure 4.12.a and Figure 4.12.b reveals that the performance is better

(a)
Figure 4.12: Variation of focusing parameters (––– ∆d and ––– ∆w) with
width/height of microchannel for (a) equal (φ1f = φ2f = 15 Vpp) and (b)
unequal applied electric voltages (φ1f = 15 Vpp, φ2f = 5 Vpp); re = 3μm,
L1 = 100 μm, L2 = 100 μm, we1 = we2 = 25 µm, nf =20, Q = 0.5 ml/h.
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(b)
Figure 4.12: Variation of focusing parameters (––– ∆d and ––– ∆w) with
width/height of microchannel for (a) equal (φ1f = φ2f = 15 Vpp) and
(b) unequal applied electric voltages (φ1f = 15 Vpp, φ2f = 5 Vpp); re =
3μm, L1 = 100 μm, L2 = 100 μm, we1 = we2 = 25 µm, nf =20, Q = 0.5
ml/h, (Continued).

for the device with equal applied electric voltages; the applied electric voltage on both
electrodes is 15 Vpp for the case of equal applied electric voltage and in the case of
unequal applied electric voltages, the applied electric voltage on one electrode is 15
Vpp while on the other it is 5 Vpp. The electric voltage profile inside the microchannel,
and consequently the electric field and DEP force, is greater in the case of equally
applied electric voltages rather than the unequal electric voltages. Moreover, it is
noticed that the focusing parameter along the width is better than that along the height.
This is attributed to the difference in the degradation of electric field along width and
height of the microchannel. The degradation in electric field along the width is greater
than the degradation in electric field along the height and this is the reason for the
focusing parameter along the height being better than the focusing parameter along the
width.
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Figure 4.13 depicts the influence of applied electric voltage on the focusing
parameters for equal and unequal applied electric voltages. For the case of equal
applied electric voltages, they are varied between 5 Vpp and 20 Vpp in increments of
2.5 Vpp; the other parameters are maintained constant while varying the applied electric
voltages. It is noticeable from Figure 4.13 that increase in applied electric voltages
leads to improvement in the focusing parameters along the width and height of the
microchannel. A rise in applied electric voltage tends to a rise in the electric field inside
the microchannel and subsequently leads to increase in the DEP force inside the
microchannel. The increase in DEP force inside the microchannel due to the increase
in applied electric voltage is the reason for the observed enhancement in focusing
parameters with increase in the same. On comparing between Figure 4.13.a and Figure
4.13.b, it can be observed that the performance of the device with unequal applied
voltages is better than the device with equal applied voltages for most cases of applied
voltages. For most cases, the applied electric voltage is greater for the device with
unequal voltages than for the device with equal voltages and thus the DEP force inside
the microchannel is greater for the former than the latter thereby leading to the
observed trend in performance. This superiority in performance deteriorates as the
applied electric voltage move towards high values. Moreover, it is noticeable that the
device achieves better focusing along the height than along the width and the reason
for this is same as that mentioned with regards to Figure 4.12.
The impact of the volumetric flow rate on focusing the microparticles is shown
in Figure 4.14 for equal and unequal applied electric voltages. Different flow rates are
studied (Q = 0.1, 0.25, 0.5, 0.75, and 1 ml/h) while maintaining the rest of the
parameters constant. According to the trends shown in Figure 4.14, focusing of the
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microparticles gets better when the volumetric flow rate is reduced. This is because
the microparticles will be slower when the volumetric flow rate is low, and that gives

(a)

(b)
Figure 4.13: Variation of focusing parameters (––– ∆d and ––– ∆w) with applied
electric voltages for (a) equal (φ1f = φ2f) and (b) unequal (φ2f = 15 Vpp)
applied electric voltages; re = 3μm, Wch/Hch = 75 µm, L1 = 100 μm, L2
= 100 μm, we1 = we2 = 25 µm, nf =20, Q = 0.5 ml/h.
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the microparticles more time to be focused. It is also observable from Figure 4.14 that
the case of equal applied electric voltages offers better focusing than the case for

(a)

(b)
Figure 4.14: Variation of focusing parameters (––– ∆d and ––– ∆w) with volumetric
flow rate for (a) equal (φ1f = φ2f = 15 Vpp) and (b) unequal (φ1f = 5 Vpp,
φ2f = 15 Vpp) applied electric voltages; re = 3μm, Wch/Hch = 75 µm, L1
= 100 μm, L2 = 100 μm, we1 = we2 = 25 µm, nf = 20.
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unequal applied electric voltages; ∆w = 32 μm and ∆d = 19 μm at Q = 500 μl/h for
equal applied electric voltages whereas for unequal applied electric voltages, ∆w = 40
μm and ∆d = 30 μm at same volumetric flow rate. The reasons for the superiority in
performance of the case of equal applied electric voltages, over the case of unequal
applied voltages, is same reason as that provided with regards to Figure 4.12. The plot
of the case of equal applied voltage is generated at higher magnitude for applied
electric voltages compared with the case of unequal applied electric voltages. This
implies that the DEP force associated with the case of equal applied voltages is greater
than the case of unequal applied voltages and thus the performance being better in the
former case. Moreover, the focusing is better in the vertical direction compared with
that in the horizontal direction, for both equally and unequally applied voltages, in a
manner similar to that explained with respect to Figure 4.12.
The influence of electrode dimensions is provided in Figure 4.15. The electrode
widths (we1 = we2) are varied, between 5 µm and 30 µm, to understand its influence on

(a)
Figure 4.15: Variation of focusing parameters (––– ∆d and ––– ∆w) with electrode
dimensions for (a) equal (φ1f = φ2f = 15 Vpp) and (b) unequal (φ1f = 15 Vpp, φ2f = 5
Vpp) applied electric voltages; re = 3μm, Wch/Hch = 75 µm, L1 = 100 μm, nf =20.
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(b)
Figure 4.15: Variation of focusing parameters (––– ∆d and ––– ∆w) with electrode
dimensions for (a) equal (φ1f = φ2f = 15 Vpp) and (b) unequal (φ1f = 15
Vpp, φ2f = 5 Vpp) applied electric voltages; re = 3μm, Wch/Hch = 75 µm,
L1 = 100 μm, nf =20, (Continued).
performance metrics while keeping the remaining parameters constant; L2 is set equal
to 100 µm in this case. When studying the effect of electrode length (L2), it is varied,
from 0 to 200 µm, while holding the remaining parameters, including we1 and we2 at
25 µm, constant. It is observable from Figure 4.15 that increase in electrode
dimensions improves the focusing parameters. With increase in electrode dimensions,
the magnitude and irregularity of the electric field increases thereby enhancing the
DEP force. The enhanced DEP force leads to improvement in focusing parameters as
observed in Figure 4.15. Additionally, with increase in electrode dimensions,
particularly L2, the residence time increases and this too contributes to the observed
enhancement in focusing parameters.
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4.3 Separation Device
This section of the chapter analyzes the separation device conceptualized in the
previous part of the book. The device constitutes of two sections out of which one is
for focusing and the other employed for separation. As with the previous section,
parametric study of the device is carried out in this section as well. The different
parameters analyzed include microchannel width and height, volumetric flow rate,
applied electric voltages, and number of electrode pairs. A non-homogeneous mixture
of 3 µm and 4 µm microparticles suspended in water is used in this study. The
operating frequency of the focusing section is assumed to be very high while that of
the separation is assumed to be same as the cross-over frequency of the 3 µm
microparticle; cross-over frequency of 3 µm polystyrene microparticle is ~ 31.7.5 kHz
The influence of width/height of the microchannel on the performance of the
device is shown in Figure 4.16. For this study, width/height is varied between 75 and
175 µm while maintaining all other parameters constant. It can be noticed from Figure
4.16 that increase in microchannel width/height decreases the separation efficiency of
the 3 µm microparticle. The increase in microchannel width/depth leads to decrease in
the electric field inside the same and consequently the DEP force weakens. This
weakening of the DEP force degrades the focusing of 3 µm microparticle which in turn
prevents them from being confined in the appropriate region of the microchannel by
the end of the focusing section. With increased degradation of focusing, the number of
3 µm microparticles that are in the streamlines traveling towards its exit reduces
leading to the observed deterioration of separation efficiency of the same. Regarding
the separation efficiency of the 4 µm microparticles, it shows improvement with
increase in width/height of the microchannel. With increase in width/depth, the DEP
force experienced by the 4 µm microparticles weakens which in turn leads to increased
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number of 4 µm microparticles remaining in the streamlines traveling towards its exit
while finishing the focusing section. The increase in the number of 4 µm microparticles

(a)

(b)
Figure 4.16: Influence of width/height of the microchannel on (a) separation
efficiency and (b) separation purity of re = 3 µm (■) and re = 4 µm
(■) microparticles; φ1,f = 15 Vpp, φ2,f = 5 Vpp, φ1,s = 5 Vpp, φ2,s = 15
Vpp L1 = 100 µm, L2 = 100 µm, we1 = we2 = 25 µm, Q = 0.5 ml/h.
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remaining outside the streamlines traveling towards the exit of the 3 µm microparticles
favor the separation of the 4 µm microparticles and thus the observed improvement in
separation efficiency of the same. It is also noticeable from Figure 4.16.a that the
change in separation efficiency with width/depth for the 3 µm and 4 µm microparticles
is very slow. For purposes of calculating separation efficiency and separation purity,
81 uniformly distributed microparticles are released from the inlet and with increase
in the width/depth, the perpendicular and parallel distances between the microparticles
increase thereby a slow change in performance metrics. It is noticeable from Figure
4.16.b that increase in width/depth decreases the separation purity of both 3 µm and 4
µm microparticles. This behavior is directly influenced by the separation efficiency of
the microparticles. With increase in width/depth a greater number of 3 µm
microparticle appears in the streamlines traveling to the exit of the 4 µm microparticle,
for the reasons mentioned earlier, and this leads to the degradation of the separation
purity of the 4 µm microparticle; similar situation exists with regards to the separation
purity of 3 µm microparticle.
The next parameter assessed is the volumetric flow rate. Volumetric flow rate is
differed between 0.1 and 1 ml/h in this study while other parameters are kept constant.
In Figure 4.17 the separation efficiency and purity are observed to improve with
reducing volumetric flow rate for both 3 µm and 4 µm microparticles. The reason of
the observed results is the increased residence time associated with reducing
volumetric flow rate. Increased residence time allows for better focusing of both the
microparticles (focusing happens in the first section of the device). Also increased
residence time allows the 4 µm microparticles in the separation region to move into
the streamlines that are traveling towards its outlet. The separation efficiency of 3 µm
microparticle is better than the separation efficiency of 4 µm over the range of
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volumetric flow rates considered in the study. In the focusing section, the ClausiusMossotti factor associated with both microparticles assumes the lowest possible value,

(a)

(b)
Figure 4.17: Influence of volumetric flow rate on (a) separation efficiency and (b)
separation purity of re = 3 µm (■) and re = 4 µm (■) microparticles;
Wch/Hch = 75 µm, φ1,f = 5 Vpp, φ2,f = 15 Vpp, φ1,s = 15 Vpp, φ2,s = 5 Vpp,
L1 = 100 µm, L2 = 100 µm, we1 = we2 = 25 µm, nf = ns = 20.
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i.e. - 0.476 and this allows for good focusing of the both 3 µm and 4 µm microparticles;
however, in the separation section, the Clausius-Mossotti factor associated with the 4
µm microparticle is only ~ -0.154. Thus, in the focusing section the microparticles
(both 3 µm and 4 µm microparticles) experience strong nDEP while in the separation
section, the 4 µm microparticle experiences weak nDEP. The fact that the 4 µm
microparticle experiences weak nDEP along with reduced settling time with an
increase in the volumetric flow rate which in turn leads to an observed reduction in the
separation efficiency of the same. Regarding separation purity, it is strongly dependent
on the separation efficiency. For low volumetric flow rate, both 3 µm and 4 µm
microparticles exhibit good separation efficiency and subsequently they exhibit good
separation purity. However, separation efficiency of the microparticles decrease with
increase in volumetric flow rate causing few 3 µm microparticles to appear at the outlet
of the microchannel which is assigned for 4 µm microparticles and vice versa and this
leads to an observed reduction in separation purity. The separation purity at higher
flow rates is better for the 4 µm microparticles compared with the 3 µm microparticle
and this is because the number of 3 µm microparticle appearing at the outlet assigned
for 4 µm microparticle is smaller than the number of 4 µm microparticles appearing at
the outlet assigned for the 3 µm microparticles.
The impact of applied electric voltages on the separation efficiency and
separation purity is presented in Figure 4.18. It can be noticed that the separation
efficiency of the 3 µm microparticles remains almost constant with initial increase in
applied electric voltage. When the applied electric voltage is low, the 3 µm
microparticles are very well 3D focused within the streamlines moving towards the
outlet of the same. At high applied electric voltage, the degree of focusing is degraded
which tends to reduce the separation efficiency of 3 µm microparticles. At low applied
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electric voltage, even the 4 µm microparticles are well focused within the flowlines
moving towards the exit of the 3 µm microparticles. However, the low applied electric

(a)

(b)
Figure 4.18: Influence of applied electric voltage on (a) separation efficiency and
(b) separation purity of re = 3 µm (■) and re = 4 µm (■) microparticles;
Wch/Hch = 75 µm, φ2,f = 15 Vpp, Q = 0.5 ml/h, φ1,s = = 15 Vpp, nf = 20,
ns = 20 L1 = 100 µm, L2 = 100 µm, we1 = we2 = 25 µm.
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voltage in the separation region implies that the DEP force acting on the 4 µm
microparticle is low such that not all the 4 µm microparticles are pushed into the
streamlines moving towards its outlet thereby reducing the separation of the same. It
is also noticeable from Figure 4.18 that separation purity of the 3 µm and 4 µm
microparticles increases with increase in applied electric voltage. This is directly
connected to the separation efficiency of the microparticles. As already detailed, the
separation efficiency of the 4 µm microparticle increases with increase in applied
electric voltage while that of the 3 µm microparticle remains high and almost constant
and these two factors lead to the observed high separation efficiency at low applied
electric voltages.
Figure 4.19 represents the variation of separation efficiency and separation
purity with respect to the number of electrode pairs. It is observed that the increment
in the number of electrode pairs lead to increase in the separation efficiency and
separation purity of both the microparticles. The reason for the increase in separation
efficiency of the microparticles is due to the increase in residence time associated with
the increase in number of electrodes. With increase in separation efficiency, the
separation purity also increases.
Figures 4.20 and Figure 4.21 shows the variation of separation efficiency and
separation purity with respect to the electrode dimensions, specifically L2 and we2. It
can be perceived that increase in electrode dimensions increase the separation
efficiency of both 3 µm and 4 µm microparticles. Increase in electrode dimensions
enhance the electric field and this is the sole reason for the increase in separation
efficiency with regards to increase in we1 and we2. On the other hand, the observed
increase in separation efficiency with change in L2 is due to the enhancement in electric
field as well as the increase in residence time. It is inferred that the increase in
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separation efficiency with electrode dimensions is better for 3 µm microparticles
compared with the same for the 4 µm microparticles. In the focusing section of the

(a)

(b)
Figure 4.19: Effect of number of electrode pairs on (a) separation efficiency and
(b) separation purity of re = 3 µm (■) and re = 4 µm (■)
microparticles; Wch/Hch = 75 µm, φ1,f = 5 Vpp, φ2,f = 15 Vpp, φ1,s = 15
Vpp, φ2,s = 5 Vpp, , L1 = 100 µm, L2 = 100 µm, we1 = we2 = 25 µm, Q
= 0.5 ml/h.
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separation device, both 3 µm and 4 µm macroparticles experience strong nDEP;
however, the nDEP force acting on the 4 µm microparticles in the separation section

(a)

(b)
Figure 4.20: Effect of electrode dimensions (L2) on (a) separation efficiency and (b)
separation purity of re = 3 µm (■) and re = 4 µm (■) microparticles;
Wch/Hch = 75 µm, φ1,f = 5 Vpp, φ2,f = 15 Vpp, φ1,s = 15 Vpp, φ2,s = 5 Vpp,
L1 = 100 µm, we1 = we2 = 25 µm, nf = ns = 20, Q = 0.5 ml/h.
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is weak. This coincide with the fact that the separation of 3 µm microparticle is just
dependent on the functioning of the focusing section of the device while that of the 4

(a)

(b)
Figure 4.21: Effect of electrode dimensions (we1 = we2) on (a) separation efficiency
and (b) separation purity of re = 3 µm (■) and re = 4 µm (■)
microparticles; Wch/Hch = 75 µm, φ1,f = 5 Vpp, φ2,f = 15 Vpp, φ1,s = 15
Vpp, φ2,s = 5 Vpp, L1 = 100 µm, L2 = 100 µm, we1 = we2 = 25 µm, nf = ns
= 20, Q = 0.5 ml/h.
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µm microparticle depends on both the focusing and separation of the device tends to
be the reason for the observed superiority of 3 µm microparticles over the 4 µm
microparticles. Regarding the separation purity, it increases with increase in electrode
dimensions for both microparticles. This is because of the increase in the device’s
ability to separate the microparticles. Moreover, it can be noticed that the 4 µm
microparticles exhibit better separation purity for a specific electrode dimension,
irrespective of whether it is L2 or we1/we2. With an increment in the electrode
dimensions, the number of microparticles sized 3 µm reaching its exit increase at a
faster rate than the 4 µm microparticles reaching its exit and this leads to the observed
superiority of 4 µm microparticles compared with 3 µm microparticles with regards to
separation purity.
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Chapter 5: Conclusion and Future Work

This chapter concludes the thesis by detailing the achievements and major
findings of the work. A new planar electrode design for use in dielectrophoretic
devices to achieve focusing and separation is conceptualized in this work. The
electrode has corrugations and this is the novelty of the design. Two electrodes are
placed parallel to form a pair where the electric field is set up between the two
electrodes. The presence of the corrugations significantly affects the electric field in
terms of non-uniformity. A mathematical model the devices employed for focusing
and separation is developed in this work and subsequently it is used for parametric
study. The mathematical model consists of several governing equations; the governing
equations include the Stokes equation, equations of motion, and equations describing
electric voltage and electric field inside the microchannel. All equations are solved
numerically; Finite Difference Method is used for solving the Stokes equation,
equations of motion, and electric voltage equation while the electric field is determined
numerically. The model developed is dynamic in nature and this allows for accounting
for the temporal variation of trajectory of the micro-scale entity. Studies are done using
polystyrene microparticles as the representative micro-scale entity and water as the
representative medium.
5.1 Focusing Device
The efficiency of the focusing device is quantified in terms of horizonal and
perpendicular focusing parameters. These focusing parameters quantify the standard
deviation of the vertical and horizontal displacements of the micro-scale entity at the
exit of the microchannel. Parametric study is done to recognize the effect of operating
and geometric parameters on the performance of the device. The operating and
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geometric parameters studied include microchannel height/width, electrode
dimensions, volumetric flow rate, number of electrode pairs, and applied electric
voltage. Based on the model the following conclusions are made.
1. The effect of rise in volumetric flow rate is to degrade the focusing performance
metrics when all other parameters are kept; the reason for this the reduction in
settling time which in turn reduces the time available for the interaction between
the micro-scale entities and the dielectrophoresis.
2. Regarding applied electric voltages, enhancement in the performance metrics of
the device is observed with increase in applied electric voltages; increase in applied
electric voltages enhances the dielectrophoretic force experienced by the microscale entity thereby leading to the improvement in focusing.
3. Increase in microchannel height/width degrades the performance of the focusing
device; increase in residence time as well as decrease in the electric field is
associated with the increase in height/width of the microchannel with the latter
being greater than the former thereby leading to the degradation in focusing
parameters.
4. With increase in electrode dimensions the focusing parameters are observed to
improve and this is because of the individual effect of enhancement in electric field
or the combined effect of enhancement in electric field and increased residence
time.
5.2 Separation Device
The efficacy of the conceptualized separation device is assessed in terms of
separation efficiency and separation purity and they represent the quantity and quality
of separation, respectively. The various parameters studied using the model include
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microchannel height/width, electrode dimensions, volumetric flow rate, and applied
electric voltages. The following conclusions are made from the findings of the model.
1. Increase in volumetric flow rate degrades the performance metrics of the device
due to the reduction in the residence time.
2. Increase in the applied electric voltages increase the performance metrics of the
device and this is attributed to a rise in dielectrophoretic force.
3. Regarding the influence of microchannel height/width, separation efficiency and
separation purity increases with reduction in microchannel height/width and vice
versa; associated with increase in microchannel height/width are reduction in
dielectrophoretic force and increase in residence time, but the former is greater
than the latter thereby leading to the above-mentioned behavior.
4. A rise in the number of electrode pairs increase the performance metrics of the
device and this is due to the increased residence time.
5. The performance metrics of the device increase with increase in electrode
dimension and this is due to the associated simultaneous effect of increased
residence time and increased dielectrophoretic force or solely due to increased
dielectrophoretic force.
In addition, the details of the mathematical model as well as the algorithm
developed to solve the model of the devices are provided in the thesis to enable
researchers in the design of focusing and separation devices with the conceptualized
electrode design. It is stressed here that there are multiple combinations of operating
and geometric parameters that will deliver the desired performance metrics of the
focusing and separation devices. The choice of a combination of operating and
geometric parameters depends on the design constraints pertinent to the designer.
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One of the recommendations for future work would be the modification of the
mathematical model to have several assumptions relaxed. One of the assumptions
associated with the mathematical model is that the sample handled in the device is
dilute. Dilute sample implies that there is no inter-particle interaction. Another
assumption is that the presence of the micro-scale entity does not affect the velocity
and electric field profile in the microchannel.
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Appendix

This section provides the details of implementation of the FDM for solving the
governing equations provided in Chapter 3. Conversion of Equation (3.7) to Equation
(3.9) into Equation (3.12) to Equation (3.14) is provided below. As already mentioned
in Chapter 3, the conversion starts by replacing the differential terms of the governing
equations with difference equations. The first and second order differential terms are
substituted by second order central difference terms. Steps detailing transition from
Equation (3.7) to Equation (3.12) are provided below.
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(𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 ) −

)+

2∆𝑡

))

(𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 ) −

𝑚𝑒𝑞

𝑛−1

−
𝑥𝑝 |

−𝑦𝑝|

𝑛−1

2∆𝑡

6𝜋𝜇𝑚 ∆𝑡 2 𝑟𝑝 𝑥𝑝 |

∂𝑥

𝑛+1

𝑛+1

𝑛+1

2𝜋𝜀𝑜 𝜀𝑚𝑟𝑝3 ∆𝑡 2 𝑅𝑒[𝑓𝐶𝑀] ∂

+

𝑦𝑝|

𝜕𝑢𝑚,𝑥 𝑧𝑝 |
)+
(
𝜕𝑧

−
𝑥𝑝 |

− 𝑧𝑝 |
2∆𝑡

𝑛+1

−𝑦𝑝|

2∆𝑡
𝑛−1

)) +

𝑛−1

)+

6𝜋𝜇𝑚∆𝑡 2 𝑟𝑝
𝑚𝑒𝑞

𝑢𝑚,𝑥 )
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Steps detailing transition from Equation (3.10) to Equation (3.13) are provided below.
𝑑2

∂

𝑚𝑝 𝑑𝑡 2 𝑦𝑝 = 2𝜋𝜀𝑜 𝜀𝑚 𝑟𝑝 3 𝑅𝑒[𝑓𝐶𝑀 ] ∂y (𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 ) −
𝑑2𝑦

1

𝜌 𝑉 ( 𝑝−
2 𝑚 𝑝 𝑑𝑡 2
𝑚𝑝

𝑑2

𝑦
𝑑𝑡 2 𝑝

= 2𝜋𝜀𝑜 𝜀𝑚 𝑟𝑝 3 𝑅𝑒[𝑓𝐶𝑀 ]

∂
∂y

𝑑2𝑦

1

𝜌 𝑉 ( 𝑝−
2 𝑚 𝑝 𝑑𝑡 2

𝑑𝑢𝑚,𝑦
𝑑𝑡

) + 6𝜋𝜇𝑚 𝑟𝑝 (𝑢𝑚,𝑦 −

𝑑𝑦𝑝
𝑑𝑡

)

(𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 ) −
𝜕𝑢𝑚,𝑦 𝑑𝑥
𝜕𝑥

𝑑𝑡

−

𝜕𝑢𝑚,𝑦 𝑑𝑦
𝜕𝑦

𝑑𝑡

−

𝜕𝑢𝑚,𝑦 𝑑𝑧

𝜕𝑢𝑚,𝑦

+
𝑑𝑡

𝜕𝑧

𝜕𝑡

)

𝑑𝑦𝑝

−6𝜋𝜇𝑚 𝑟𝑝 ( 𝑑𝑡 − 𝑢𝑚,𝑦 )
𝑚𝑝 (

𝑦𝑝|

𝑛+1

𝑛

−2𝑦𝑝| +𝑦𝑝|

𝑛−1

∂

) = 2𝜋𝜀𝑜 𝜀𝑚 𝑟𝑝 3 𝑅𝑒[𝑓𝐶𝑀 ] ∂y (𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 ) −

∆𝑡 2

1

𝜌 𝑉 (
2 𝑚 𝑝

𝑦𝑝|

𝑛+1

𝑛

−𝑦𝑝| +𝑦𝑝|

(𝑚𝑝 + 2 𝜌𝑚 𝑉𝑝 ) (

𝑦𝑝|

𝑛+1

𝑛

−2𝑦𝑝| +𝑦𝑝|

𝑛−1

𝑦𝑝|

𝑛+1

𝑛

𝑛−1

)=

2𝜋𝜀𝑜 𝜀𝑚 𝑟𝑝3 ∆𝑡 2 𝑅𝑒[𝑓𝐶𝑀 ] ∂
𝑚𝑒𝑞

∂𝑦

𝑛

𝑛−1

= 2𝑦𝑝 | − 𝑦𝑝 |

+

𝑦𝑝|

𝑛+1

2𝜋𝜀𝑜 𝜀𝑚 𝑟𝑝3 ∆𝑡 2 𝑅𝑒[𝑓𝐶𝑀 ] ∂
𝑚𝑒𝑞

+

3𝜋𝜇𝑚∆𝑡𝑟𝑝
𝑚𝑒𝑞

𝑛+1

𝑦𝑝 |

𝑛

= 2𝑦𝑝 | +

𝑚𝑒𝑞

𝑛−1

− 𝑢𝑚,𝑦 )

−𝑦𝑝|

𝑛−1

− 𝑢𝑚,𝑦 )

2∆𝑡

(𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 ) −

∂𝑦

3𝜋𝜇𝑚 ∆𝑡𝑟𝑝

𝑛+1

(

(

𝑚𝑒𝑞
𝑛+1

−𝑦𝑝|

2∆𝑡

6𝜋𝜇𝑚∆𝑡 2 𝑟𝑝 𝑦𝑝|

𝑦𝑝 |

− 𝑢𝑚,𝑦 )

(𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 ) −

𝑚𝑒𝑞
𝑛+1

𝑛−1

∂

6𝜋𝜇𝑚∆𝑡 2 𝑟𝑝 𝑦𝑝|

𝑦𝑝 |

−𝑦𝑝|

) = 2𝜋𝜀𝑜 𝜀𝑚 𝑟𝑝 3 𝑅𝑒[𝑓𝐶𝑀 ] ∂y (𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 )

∆𝑡 2

− 2𝑦𝑝 | + 𝑦𝑝 |

𝑛+1

2∆𝑡

−6𝜋𝜇𝑚 𝑟𝑝 (
(𝑦𝑝 |

)

∆𝑡 2

−6𝜋𝜇𝑚 𝑟𝑝 (
1

𝑛−1

𝑛−1

𝑦𝑝 |

𝑛−1

− 𝑦𝑝 |

𝑛+1

−𝑦𝑝|

2∆𝑡

− 𝑢𝑚,𝑦 )

+

2𝜋𝜀𝑜 𝜀𝑚𝑟𝑝 3 ∆𝑡 2 𝑅𝑒[𝑓𝐶𝑀] ∂
𝑚𝑒𝑞

𝑛−1

∂y

(𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 )
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(1 +

3𝜋𝜇𝑚 ∆𝑡𝑟𝑝
𝑚𝑒𝑞

) 𝑦𝑝 |

𝑛+1

𝑛

= 2𝑦𝑝 | + (

𝑛−1

3𝜋𝜇𝑚∆𝑡𝑟𝑝

− 1) 𝑦𝑝 |

𝑚𝑒𝑞

+

2𝜋𝜀𝑜 𝜀𝑚 𝑟𝑝3 ∆𝑡 2 𝑅𝑒[𝑓𝐶𝑀 ] ∂
𝑚𝑒𝑞

𝑦𝑝 |

𝑛+1

=

𝑛

1
3𝜋𝜇𝑚∆𝑡𝑟𝑝
(1+
)
𝑚𝑒𝑞

(2𝑦𝑝 | + (

3𝜋𝜇𝑚∆𝑡𝑟𝑝
𝑚𝑒𝑞

𝑛−1

− 1) 𝑦𝑝 |

∂y

(𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 )

+

2𝜋𝜀𝑜 𝜀𝑚 𝑟𝑝3 ∆𝑡 2 𝑅𝑒[𝑓𝐶𝑀 ] ∂
𝑚𝑒𝑞

∂y

(𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 ))

Steps detailing transition from Equation (3.9) to Equation (3.14) are provided below.
𝑑2

∂

𝑚𝑝 𝑑𝑡 2 𝑧𝑝 = −𝜌𝑝 𝑉𝑝 𝑔 + 𝜌𝑚 𝑉𝑝 𝑔 + 2𝜋𝜀𝑜 𝜀𝑚 𝑟𝑝 3 𝑅𝑒[𝑓𝐶𝑀 ] ∂z (𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 ) −
𝑑2𝑧

1

𝜌 𝑉 ( 𝑝−
2 𝑚 𝑝 𝑑𝑡 2

𝑑𝑢𝑚,𝑧
𝑑𝑡

𝑑2

) − 6𝜋𝜇𝑚 𝑟𝑝 (𝑢𝑚,𝑧 −

𝑑𝑧𝑝
𝑑𝑡

)

∂

𝑚𝑝 𝑑𝑡 2 𝑧𝑝 = −𝜌𝑝 𝑉𝑝 𝑔 + 𝜌𝑚 𝑉𝑝 𝑔 + 2𝜋𝜀𝑜 𝜀𝑚 𝑟𝑝 3 𝑅𝑒[𝑓𝐶𝑀 ] ∂z (𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 ) −
𝑑2𝑧

1

𝜌 𝑉 ( 𝑝−
2 𝑚 𝑝 𝑑𝑡 2

𝜕𝑢𝑚,𝑧 d𝑥
𝜕𝑥

𝑑𝑡

−

𝜕𝑢𝑚,𝑧 d𝑦
𝜕𝑦

𝑑𝑡

−

𝜕𝑢𝑚,𝑧 𝑑𝑧
𝜕𝑧

𝑑𝑡

+

𝜕𝑢𝑚,𝑧
𝜕𝑡

)−

𝑑𝑧

6𝜋𝜇𝑚 𝑟𝑝 ( 𝑑𝑡𝑝 − 𝑢𝑚,𝑧 )
𝑚𝑝 (

𝑧𝑝|

𝑛+1

𝑛

−2𝑧𝑝| +𝑧𝑝|

𝑛−1

∂

) = −𝜌𝑝 𝑉𝑝 𝑔 + 𝜌𝑚 𝑉𝑝 𝑔 + 2𝜋𝜀𝑜 𝜀𝑚 𝑟𝑝 3 𝑅𝑒[𝑓𝐶𝑀 ] ∂z (𝐸𝑅𝑀𝑆 ∙

∆𝑡 2

1

𝐸𝑅𝑀𝑆 ) − 2 𝜌𝑚 𝑉𝑝 (

𝑧𝑝|

𝑛+1

𝑛

−𝑧𝑝| +𝑧𝑝 |

(𝑚𝑝 + 𝜌𝑚 𝑉𝑝 ) (

𝑧𝑝|

𝑛+1

𝑛

−2𝑧𝑝| +𝑧𝑝|
∆𝑡 2

2

)

∆𝑡 2

−6𝜋𝜇𝑚 𝑟𝑝 (
1

𝑛−1

𝑧𝑝|

𝑛+1

−𝑧𝑝|

𝑛

2∆𝑡

− 𝑢𝑚,𝑧 )

𝑛−1

) = −𝜌𝑝 𝑉𝑝 𝑔 + 𝜌𝑚 𝑉𝑝 𝑔 +
∂

2𝜋𝜀𝑜 𝜀𝑚 𝑟𝑝 3 𝑅𝑒[𝑓𝐶𝑀 ] ∂z (𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 )
−6𝜋𝜇𝑚 𝑟𝑝 (
(𝑧𝑝 |

𝑛+1

𝑛

𝑛−1

− 2𝑧𝑝 | + 𝑧𝑝 |

)=−

𝜌𝑝 𝑉𝑝𝑔∆𝑡 2
𝑚𝑒𝑞

+

𝜌𝑚𝑉𝑝𝑔∆𝑡 2
𝑚𝑒𝑞

+

𝑧𝑝|

𝑛+1

−𝑧𝑝|

2∆𝑡

𝑛

− 𝑢𝑚,𝑧 )
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2𝜋𝜀𝑜 𝜀𝑚 𝑟𝑝3 ∆𝑡 2 𝑅𝑒[𝑓𝐶𝑀 ] ∂
𝑚𝑒𝑞

−
𝑛+1

𝑧𝑝 |

𝑛

𝑛−1

= 2𝑧𝑝 | − 𝑧𝑝 |

𝜌𝑝 𝑉𝑝𝑔∆𝑡 2

−

𝑚𝑒𝑞

+

𝜌𝑚𝑉𝑝𝑔∆𝑡 2
𝑚𝑒𝑞

𝐸𝑅𝑀𝑆 ) −
𝑛+1

𝑧𝑝 |

+

3𝜋𝜇𝑚 ∆𝑡𝑟𝑝
𝑚𝑒𝑞

𝑛+1

𝑧𝑝 |

𝑛

= 2𝑧𝑝 | −

3𝜋𝜇𝑚∆𝑡𝑟𝑝
𝑚𝑒𝑞

𝜌𝑚𝑉𝑝𝑔∆𝑡 2
𝑚𝑒𝑞

(1 +

3𝜋𝜇𝑚 ∆𝑡𝑟𝑝
𝑚𝑒𝑞

𝑛+1

) 𝑧𝑝 |

𝑛

= 2𝑧𝑝 | + (

+

6𝜋𝜇𝑚 ∆𝑡 2 𝑟𝑝 𝑧𝑝 |

+

𝑛+1

(

𝑚𝑒𝑞

𝑚𝑒𝑞

6𝜋𝜇𝑚∆𝑡 2 𝑟𝑝 𝑧𝑝|

𝑛

1

=

3𝜋𝜇𝑚∆𝑡𝑟𝑝
(1+ 𝑚
)
𝑒𝑞

(2𝑧𝑝 | + (

3𝜋𝜇𝑚∆𝑡𝑟𝑝
𝑚𝑒𝑞

− 𝑢𝑚,𝑧 )

𝑚𝑒𝑞
𝑛

𝑚𝑒𝑞

−

∂z
𝑛−1

− 1) 𝑧𝑝 |

−

−𝑧𝑝|

𝑛−1

− 1) 𝑧𝑝 |

−

𝜌𝑝𝑉𝑝𝑔∆𝑡 2
𝑚𝑒𝑞

𝑚𝑒𝑞

(𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 )

(𝜌𝑝 − 𝜌𝑚 ) +

2𝜋𝜀𝑜 𝜀𝑚 𝑟𝑝3 ∆𝑡 2 𝑅𝑒[𝑓𝐶𝑀 ] ∂
𝑚𝑒𝑞

+

(𝜌𝑝 − 𝜌𝑚 ) +

∂z

𝑚𝑒𝑞

− 𝑢𝑚,𝑧 )

(𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 )

𝑉𝑝 𝑔∆𝑡 2

𝑉𝑝 𝑔∆𝑡 2

(𝐸𝑅𝑀𝑆 ∙

𝑛−1

2∆𝑡

𝑛−1

𝑧𝑝 | − 𝑧𝑝 |

∂z

𝑛+1

(

𝑚𝑒𝑞
𝑛+1

𝑛

2𝜋𝜀𝑜 𝜀𝑚 𝑟𝑝3 ∆𝑡 2 𝑅𝑒[𝑓𝐶𝑀 ] ∂

2𝜋𝜀𝑜 𝜀𝑚 𝑟𝑝3 ∆𝑡 2 𝑅𝑒[𝑓𝐶𝑀 ] ∂

𝑧𝑝 |

−𝑧𝑝|

2∆𝑡

2𝜋𝜀𝑜 𝜀𝑚 𝑟𝑝3 ∆𝑡 2 𝑅𝑒[𝑓𝐶𝑀 ] ∂

3𝜋𝜇𝑚∆𝑡𝑟𝑝
𝑚𝑒𝑞

(𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 )

∂z

∂z

(𝐸𝑅𝑀𝑆 ∙ 𝐸𝑅𝑀𝑆 ))

Equation (3.22) is a Laplace equation that is the governing equation of the
electric voltage inside the microchannel. Equation (3.22) is solved using FDM.
Application of FDM leads to the creation of Equation (3.26). The steps below detail
the conversion of Equation (3.22) to Equation (3.26).
𝜕2

𝜕2

𝜕2

(𝜕𝑥 2 + 𝜕𝑦 2 + 𝜕𝑧 2) 𝜑𝑅𝑀𝑆 = 0
𝜕2 𝜑𝑅𝑀𝑆
𝜕𝑥 2

+

𝜕2 𝜑𝑅𝑀𝑆
𝜕𝑦 2

+

𝜕2 𝜑𝑅𝑀𝑆
𝜕𝑧 2

=0

𝜑𝑅𝑀𝑆 |𝑖+1,𝑗,𝑘−2𝜑𝑅𝑀𝑆|𝑖𝑗,𝑘+𝜑𝑅𝑀𝑆|𝑖−1,𝑗,𝑘
∆𝑥 2

+

𝜑𝑅𝑀𝑆 |,𝑗+1,𝑘−2𝜑𝑅𝑀𝑆 |𝑖𝑗,𝑘+𝜑𝑅𝑀𝑆 |𝑖,𝑗−1,𝑘
∆𝑦 2
𝜑𝑅𝑀𝑆 |𝑖,𝑗,𝑘+1−2𝜑𝑅𝑀𝑆|𝑖𝑗,𝑘 +𝜑𝑅𝑀𝑆|𝑖,𝑗,𝑘−1
∆𝑧 2

=0
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𝜑𝑅𝑀𝑆 |𝑖+1,𝑗,𝑘 +𝜑𝑅𝑀𝑆 |𝑖−1,𝑗,𝑘 𝜑𝑅𝑀𝑆 |𝑖,𝑗+1,𝑘 +𝜑𝑅𝑀𝑆 |𝑖,𝑗−1,𝑘 𝜑𝑅𝑀𝑆 |𝑖,𝑗,𝑘+1+𝜑𝑅𝑀𝑆 | 𝑖,𝑗,𝑘−1
+
+
)
∆𝑥2
∆𝑦2
∆𝑧2

(

𝜑𝑅𝑀𝑆 |𝑖,𝑗,𝑘 =

2

2

2

( 2 + 2+ 2)
∆𝑥
∆𝑦
∆𝑧

Stokes equation provided in Equation (3.63) is calculated with FDM as well.
For this, the differential terms are substituted by second order central difference terms
and upon subsequent rearrangement will reveal the Equation (3.65).
𝜕2 𝑢𝑚,𝑥
𝜕𝑦 2

+

𝜕2 𝑢𝑚,𝑥
𝜕𝑧 2

1 𝑑𝑃

=𝜇

𝑚

𝑑𝑥

𝑢𝑚,𝑥 |𝑗+1,𝑘−2𝑢𝑚,𝑥 |𝑗,𝑘+𝑢𝑚,𝑥 |𝑗−1,𝑘
∆𝑦 2

𝑢𝑚,𝑥 |𝑗,𝑘 = (

1
2
2
+
∆𝑦2 ∆𝑧2
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) ((

+

𝑢𝑚,𝑥 |𝑗,𝑘+1 −2𝑢𝑚,𝑥|𝑗,𝑘+𝑢𝑚,𝑥 |𝑗,𝑘−1
∆𝑧 2

𝑢𝑚,𝑥 |𝑗+1,𝑘 +𝑢𝑚,𝑥 |𝑗−1,𝑘
∆𝑦 2

)+(

=

1 𝑑𝑃
𝜇𝑚 𝑑𝑥

𝑢𝑚,𝑥 |𝑗,𝑘+1 +𝑢𝑚,𝑥 |𝑗,𝑘−1
∆𝑧 2

1 𝑑𝑃

)−𝜇

𝑚

𝑑𝑥

))

